Probabilistic Measures of Causal Strength

BrandenFitelson(UC-Berkeley)
ChristopheHitchcock(Caltech)

This is a companionMathematica notebookfor our paperOProbabilistiMeasureof CausalStrengthOwhich canbe downloadedrom
http://fitelson.org/pmcs.pdf.

m Requires the prsat package, which can be downloaded from http://fitelson.org/PrSAT/.

<< PrSAT"

m Defining the measures (Table 1)

In this sectionwe give definitionsof our measuresf causalstrength(CS) and preventativestrength(PS),asdescribedn Table 1 of the
paper. As discussedn the beginningof the paperwe define PSE,C) = -CS(AE,C) for eachof our CS-measuresindwe introducetwo
rescalingdor eachof the CS-measurethatarenot alreadydefinedon[-1,1].

s Edls

Cse[e_, c_] :=Pr[e|c]-Pr[e|Uc]; .
Cse[e_, cl_, c2_] :=Pr[e|cl Ac2]-Pr[e]|Ucl Ac2];

PSe[e_, c_] :=- CSe[U e, cl;

PSe[e_, cl_, c2_] :=-cse[Ue, c1, c2];
= Suppes

CSs[e_, c_] :=Pr[e|c]- Pr[e];

Css[e_, cl_, c2_] :=Pr[e| cl Ac2]- Pr[e | c2];

PSs[e_, c_] :=- CS§[U e, cl;
PSs[e_, cl_, c2_] :=- CSs[U e, cl, c2];
= Galton
csgle_, c_] :=4Pr[c] Pr[Uc] (Pr[e|c]- Pr[e|Uc]);

csgle_, cl_, c2_] :=4Pr[cl |c2] Pr[Ucl | c2] (Pr[e|cl Ac2]-Pr[e|UclAc2]);

PSgle_, c_] :=- CSg[U e, cl;
PSg[e_, cl_, c2_] :=-CSg[Ue, c1, c2];
= Cheng

Pr[e | c] - Pr[e | Uc]
CScle_, c_] := .

Pr[Ue | Uc]
Pr[e | cl Ac2]- Prle | Uecl A c2]

CScle_, cl_, c2_] := - -
Pr[Ue | Ucl A c2]

PScl[e_, c_] :=- CSc[U e, cl;
PSc[e_, cl_, c2_] :=-CSc[Ue, c1, c2];

= Lewis Ratio

CSlr[e_, c_] :=Pr[e|c] /Pr[e|Uc]; .
Cslr[e_, cl_, c2_] :=Pr[e|clAc2] /Pr[e|Ucl Ac2];
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= First rescalingof Lewis Ratio

Pr[e|c]- Pr[e | Uc]
CSlrl[e_, c_] := ;

Pr[e | c] +Pr[e | Uc] !

Pr[e | cl Ac2]- Prle | Ucl A c2]
CSlrl[e_, cl_, c2_] := ;

Pr[e | cl Ac2] +Pr[e | Ucl A c2] '

PSlrlfe_, c_] :=-cslri[Ue, c];
PSlrl[e_, cl_, c2_] :=-cCSlrl[Ue, cl1, c2];

m  Secondrescalingof Lewis Ratio

CSlr2[e_, c_] :=1- (1/CSlr[e, c]);
CSlr2[e_, cl_, c2_] :=1- (1/CSlr[e, cl1, c2]);

PSlr2[e_, c_] :=- CS]lan[U e, cl;
PSlr2[e_, cl_, c2_] :=-cCSlr2[Ue, cl1, c2];

= Good

Pr[Ue | Uc]
csijfe_, c_] := ———
Pr[Ue | c]

pr[Ue | Uecl A c2]
csijle_, cl_, c2_] := ;

pr[Ue | el A 2]
= First rescalingof Good

Pr[Ue |Uc]-Pr[Ue|c]

Csijl[e_, c_] := - - - ;
Pr[Ue | Uc] +Pr[Ue | c]

Pr[Ue | Ucl Ac2]- Pr[Ue | cl A c2]
Csijl[e_, cl_, c2_] := .

priUe | Ucl A e2] +Pr[Ue|c1/\c2] !

Psijlle_, c_] :=-csijil[Ue, c];
PSijl[e_, cl_, c2_] :=-csijl[Ue, cl1, c2];

= Secondrescalingof Good

csij2[e_, c_] :=1- (1/cCsij[e, c]);
csij2[e_, cl_, c2_] :=1- (1/cCSij[e, cl, c2]);

PsSij2[e_, c_] :=- CSijZ[U e, cl;

Psij2[e_, cl_, c2_] :=-csij2[Ue, c1, c2];

m Scale Verification

In this section,we verify thatall the (possiblyrescaledmeasuresveOlexaminebelow,areon a[-1,1] scale. We do this usingthe func-
tion prrange (NOw partof theprsaT package)which calculateghe rangeof a probabilisticexpressior{first argument)subjectto proba
bilistic constraint{secondargument):

Eedlls
PrRange[CSe[E, C], Pr[E | C] ~ Pr[E]]
{0, 1}
PrRange[PSe[E, C], Pr[E | C] 8@ Pr[E]]

{-1, 03}

Suppes



PrRange[CSs[E, C], Pr[E | C] ~ Pr[E]]
{0, 1}
PrRange[PSs[E, C], Pr[E | C] @ Pr[E]]

{-1, 0}

PrRange[CSg[E, C], Pr[E | C] ~ Pr[E]]
{0, 1}
PrRange[CSg[E, C], Pr[E | C] @ Pr[E]]

{-1, 0}

PrRange[CSc[E, C], Pr[E | C] ~ Pr[E]]
{0, 1}
PrRange[PSc[E, C], Pr[E | C] @ Pr[E]]

{-1, 0}

Lewis Ratio (two rescaledsersions)

PrRange[CSIrl[E, C], Pr[E | C] ~ Pr[E]]
{0, 1}

PrRange[PSIrl[E, C], Pr[E | C] o Pr[E]]
{-1, 0}

PrRange[CSIr2[E, C], Pr[E | C] = Pr[E]]
{0, 1}

PrRange[PSIr2[E, C], Pr[E | C] o Pr[E]]

{-1, 0}

Good (two rescaledrersions)

PrRange[CSijl1[E, C], Pr[E | C] ~ Pr[E]]
{0, 1}

PrRange [PSijl[E, C], Pr[E | C] ® Pr[E]]
{-1, 0}

PrRange [CSij2[E, C], Pr[E | C] ~ Pr[E]]
{0, 1}

PrRange[PSij2[E, C], Pr[E | C] @ Pr[E]]

{-1, 0}

m [nter-Definability Verification (Table 3)

pmcs.nb

Here,we verify theinter-definabilityrelationsstatedn Table3 of the paperusingthefunctionprreduce from theprrsaT package:

|3
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Suppes

PrReduce[{CSs[E, C] < Pr[UC] CSe[E, C]}]

True
Galton
PrReduce[{CSg[E, C] == 4Pr[C] Pr[UC] CSe[E, C] < 4Pr[C] CSs[E, C]}]
True
Cheng
CSe [E, C] CSs[E, C] CSg[E, C]
PrReduce[{CSc[E, c] == . - < - _ == - _ }]
Pr[UE | UcC] Pr[UEAUC] 4Pr[C] Pr[UEAUC]
True
Lewis Ratio
cslr[E, €] - 1 cse [E, C]
PrReduce[{CS]hrl[]E, €] == ) i }]
CSIr[E, C]+1 Pr[E |c]+Pr[E |Uc]
True
1 cse[E, C]
PrReduce[{CSer[E, C]«¢ 1- < ==
cslir [E, C] Pr[E | C]
CcSs[E, C] pr[UE | Uc] CSg[E, C]
== CSc[E, €] == i }]
Pr[E | C] Pr[UC] Pr[E | C] 4Pr[EAC] Pr[UC]
True

Good

PrReduce[CSij[E, €] == CSIr[UE, UC]]

True
Csij[E, €] -1 R . cse[E, C]
PrReduce[{CSijl[]E, €] == —— ¢« CcSlrl[UE, UcC] == - - - }]
CSij[E, €] +1 priUE |c] +Pr[UE | Uc]
True
1
PrReduce[{CSijZ[]E, c]==1- ——«
CSij[E, C]
CSe[E, C] CSs[E, C] CSg[E, C] . R
== _ — - _ == csir2[UE, Uc]}]
Pr[UE | Uc] Pr[UE AUC] apr[UEAUC] Pr[C]
True

= Ordinal Relationship Verification (Table 4)

In this section,we verify all the ordinalrelationshipsetweerall pairsof measures— asrecordedn Table4 of the paper(goingfrom the
first row, downwardby rows). Here,we useprsat to searchfor modelsof thedenials of the variousordinalrelationships.If a modelis

found, this showsthatthe ordinal relationshipin questiondoesnor hold (andthe modelgivenis a concretecounter-modelto the ordinal

relationshipin question). If no modelis found,thentheordinalrelationshipin questiondoes hold.

s Eells& Suppes

cse andcss arenot ordinally equivalentin general (theyarenor G-E):
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PrSAT[{CSe[El, Cl1] ~ CSe[E2, €2], CSs[El, C1] < CSs[E2, C2]}, Probabilities Regular]
{{Cl - {az, as, a7, ag, aiz, a1z, aia, a1}, C2 » {az, ae, ag, a0, A12, @13, A15, A16} s

El > {a4, a7, ag, a1, a1z, a14, A1s, a1}, E2 > {as, ag, aio, a1, @13, a4, A15, A16} s

Q- {ai, a2, az, as, as, as, ar, ag, Ag, A10, A11, A12, A13, A14, A15, A16} } s
5683233420533249039

3 1 1 1 5 1
{a - y A2 > —, a3 » ——, a4 > —— a5 > ——, dAg > —, A7 > —4
16245548056506210750 20 345 125 524 41 33
1 1 1 1 1 2 1 1 5
ag > ——,dg9g > ——, A10 > ——, A11 > ——, A12 > —y A13 > ——, A4 > ——, A
121 999 999 7

- —— ¢ A1 > ——
953 37 } }
cse andcss arenor ordinally equivalentin the classof caseswith two causesnda singleeffect(theyarenot I-E):

PrSAT[{CSe[E, C1] ~ CSe[E, C2], CSs[E, C1] < CSs[E, C2]}, Probabilities Regular]

{{Cl%{alz, as, ag, ag}, C2 » {ag, as, ar, ag}, E - {as, as, ar, ag}, @ > {ai, az, ag, as, as, ag, a7, agl},
1400671985 1 19 1 18 1 1

a > ——,a3 > —, a4 > —, a5 > —, Ag > ——, A7 > —, Ag > ——
981 58

1
5 43 886 20 991 }}
cse andcss are ordinally equivalentin the classof caseswith two effectsanda singlecausetheyare |1-E):

{as- ,
2148190703964

PrSAT[{CSe[El, C] ~ CSe[E2, C], CSs[El, C] < CSs[E2, C]}, Probabilities Regular]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{3

s Eells& Galton

cse andcsg arenot ordinally equivalentn general (theyarenot G-E):

PrSAT[{CSe[El, C1] ~ CSe[E2, C2], CSg[El, C1] < CSg[E2, C2]}, Probabilities Regular]

{{Cl - {az2, ag, a7, as, a2, a1z, aia, aie}, C2 > {asz, as, @9, A10, A12, A13, A15, A16} s

El - {a4, a7, ag, a1, a1z, a14, A1s, a1}, E2 > {as, ag, aio, a1, @iz, a4, ais, a6}
Q- {alll dz, A3, A4, A5, A, A7, A8, A9, A10,s A11, A12, A13, A14, A15/ alG}}l
676101601782601735273

1

1 2 1 1 1 1
{al% ya,> —,az3 > —, a1 > —,as > —,adg > ——, ar > —,
1256644399321100793150 589 25 106 56 531 107
1 2 14 1 1 1 1 1 3
ag > ——, A9 > ——, A10 7> —— ¢y A1l > ——y A12 2 —, A13 > — 4 A4 2 —, A15 2> ——, A1 7 ——
548 53 97 9

179 34 } }
cse andesg arenot ordinally equivalentin the classof caseswith two causesnda singleeffect(theyarenot 1-E):

PrSAT[{CSe[E, C1] ~ CSe[E, C2], CSg[E, C1] <CSg[E, C2]}, Probabilities Regular]

{{Cl%{aZI as, A6s aJS}I CZﬁ{a3l as, a7y aB}IE%{alll dgs A7y al8}! Q%{all a2, A3, A4, A5y Ag, ATy alB}}l
488713 1 4 1 3 1
{ale

1 2
r A2 > —, A3 2> —, A4 > —, A5 > ——, Ag > —— 4, A7 > ——, Ag > ——
70 21 48 56

952 29 21 H
cse andcsg are ordinally equivalentn the classof casesith two effectsanda singlecausgtheyare 11-E):

828240

PrSAT[{CSe[El, C] ~ CSe[E2, C], CSg[El, C] < CSg[E2, C]}, Probabilities Regular]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

m Eells& Cheng

cse andcsc arenot ordinally equivalentn general (theyarenot G-E):
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PrSAT[{CSe[El, C1] = CSe[E2, C€2], CSc[El, C1] < CSc[E2, C2]}, Probabilities Regular]

{{Cl - {az, as, a7, ag, aiz, a1z, aia, a1}, C2 » {az, ae, ag, a0, A12, @13, A15, A16} s
El > {a4, a7, ag, a1, a1z, a14, A1s, a1}, E2 > {as, ag, aio, a1, @13, a4, A15, A16} s
Q- {ai, a2, az, as, as, as, ar, ag, Ag, A10, A11, A12, A13, A14, A15, A16} } s

91068197882708747 5 3 1 1 1 7

{allé A2 > —,A3 > ——, A4 > —— A5 > —,Ag > ——y A7 > ——
270322787092438080 51 52 59 15 23 120
1 1 1 10 1 2 1 1 2
ag »> —, a9 > ——,A10 > — , A11 > ——, A12 > ——, A13 > ——, A14 > ——, A15 > — 4 alﬁﬁi}}
1 1 6 2 65

cse andcsc arenot ordinally equivalentn the classof casewith two causesnda singleeffect(theyarenor |1-E):
PrSAT[{CSe[E, C1] ~ CSe[E, C2], CSc[E, C1] <CSc[E, C2]}, Probabilities Regular]

{{Cl - {az, as, as, ag}, C2 » {ag, as, ar, ag}, E > {as, asg, ar, ag}, @ > {ai, az, ag, as, as, ag, ar, agl},

6552877 2 2 1 26 3 3 4
{alﬁi,aza—,age—, 814%—,6{1597,6{15%—,817%—,618%—}}
19684665 23 39 63 105 38 46 33

cse andcsc arenot ordinally equivalentin the classof caseswith two effectsanda singlecausetheyarenot 11-E):
PrSAT[{CSe[El, C] ~ CSe[E2, C], CSc[El, C] <CSc[E2, C]}, Probabilities Regular]

{{C - {aJZI asy, A6y aB}I El > {813, as, a7y, alS}l E2 > {814, e, A7y aJB}I Q- {all Az, A3, A4, A5y Ay A7y aB}}l

90764601181 1 1 10 1 3 1 46
{311%—1312%71313%7:314%*:515%7:516%*1317%71318*7}}
260065893780 820 882 57 693 31 999 123

m Eells& Lewis Ratio

cse andcslr arenot ordinally equivalentn general (theyarenot G-E):
PrSAT[{CSe [El, €1] ~ CSe[E2, €2], CSIr[El, €1] < cSlr[E2, C2]}, Probabilities = Regular]

{{Cl - {az, as, azr, asg, aiz, aiz, aia, a1}, C2 > {az, ae, ag, A10, A12, @13, A15, A16} s

El -» {a4, a7, ag, a1, A1z, A14, A15, A16}, E2 > {as, ag, aio, a1, @iz, a4, ais, a6}
Q- {ai, az, az, as, as, ag, a7, ag, Ag, A10, A11, A12, A13, A14, A15, A16} } s

8004879309751 2 3 1 6 2 1 1
{al19 A2 2 —, A3 > —, A4 > —, A5 > —, Ag > ——y A7 > ——, A8 > — 4
21360609408600 25 50 70 53 37 60 11
5 1 1 1 1 1 1 1
ag » —, A10 > — ¢ A11 > ——, A12 > — 4, A13 > —— A4 2> —— A15 > ——, A1 7 7}}
56 17 60

cse andeslr arenot ordinally equivalenin the classof casesvith two causesnda singleeffect(theyarenor I-E):
PrSAT[{CSe[E, Cl1] ~ CSe[E, €2], CSIr[E, €C1] < CSIr[E, C2]}, Probabilities Regular]

{{Cl - {az, as, ag, ag}, C2 » {ag, as, ar, ag}, E » {as, as, az, ag}, ® > {ay, az, ag, as, as, ag, ar, agl},

6156667 1 1 5 1 1 1 25
{alei, A > ——, a3 > —, A4 > —, A5 > ——, Ag > — ¢ 317%—,6118%—}}
17272710 999 20 52 999 798 18 57

cse andcslr arenot ordinally equivalenin the classof casewith two effectsanda singlecause(theyarenot |l1-E):
PrSAT[{CSe[El, C] ~ CSe[E2, C], CSLr[El, C] < CSLr[E2, C]}, Probabilities Regular]

{{C - {az, as, as, ag}, E1 - {a3, as, a7, ag}, E2 > {as, as, ay, ag}, Q> {ai, az, asz, as, as, as, azr, agl},

18661411667 1 2 1 2 2 1 3
{alﬁ7,az»—,aﬂs»—,a4»—,as%f,asﬁ—,avﬁ—,agﬁ—}}
75416 638440 920 11 339 5 19 267 52

m Eells& Good

cse andcsij arenot ordinally equivalentn general (theyarenot G-E):
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PrSAT[{CSe[El, C1] = CSe[E2, €2], CSij[El, C1l] < CSij[E2, C2]}, Probabilities Regular]

{{Cl - {az, as, a7, ag, aiz, a1z, aia, a1}, C2 » {az, ae, ag, a0, A12, @13, A15, A16} s

El > {a4, a7, ag, a1, a1z, a14, A1s, a1}, E2 > {as, ag, aio, a1, @13, a4, A15, A16} s
Q- {ai, a2, az, as, as, as, ar, ag, Ag, A10, A11, A12, A13, A14, A15, A16} } s

846077855323 1 3 1 1 1 3 4
{ale y A2 > —, a3 » —, a4 > — A5 > —, Ag > —, A7 > —, Ag > —4
21499268659 440 20 46 16 26 19 44 53
5 1 3 2 1 2 1 2
ag > ——,A10 > ——, A11 > ——, A12 > ——, A13 > ——, A4 > ——, A15 > —— 3116%7}}
52 34 17 9 24 39

cse andcsij arenor ordinally equivalentin the classof caseswith two causesnda singleeffect(theyarenor 1-E):

PrSAT[{CSe[E, C1] ~ CSe[E, C€2], CSij[E, C1] < CSij[E, C2]}, Probabilities Regular]

{{Cl - {az, as, as, ag}, C2 » {ag, as, ar, ag}, E > {as, asg, ar, ag}, @ > {ai, az, ag, as, as, ag, ar, agl},

1410773791657 21 11 3 37 2 1 7

{allﬁ ,612%7,613%7,614%7,a5%7,a6%7,a7%—,a3%7}}
4029684167040 128 112 155 131 101 85 129

cse andcsij arenot ordinally equivalenin theclassof caseswith two effectsanda singlecausgtheyarenor 11-E):

PrSAT[{CSe[El, C] ~ CSe[E2, C], CSij[El, C] < CSij[E2, C]}, Probabilities Regular]

{{C - {aJZI asy, A6y aB}I El > {813, as, a7y, alS}l E2 > {814, e, A7y aJB}I Q- {all Az, A3, A4, A5y Ay A7y aB}}l

3281145539 3 1 6 1 2 6 3

y A2 > —,AaA3 > —, A4 > —, A5 > ——,Adg > ——, A7 > ——, A8 > ——

{21~ o seos020 1}
12793606020 13 27 59 20 17 79 23
= Suppes& Galton
css andcsg arenot ordinally equivalentn general (theyarenot G-E):
PrSAT[{CSs[El, €C1] ~ CSs[E2, €2], CSg[El, C1] < CSg[E2, C2]}, Probabilities Regular]
{{Cl - {az2, ag, ar, ag, ai2, aig, aia, aie}, €2 > {as, as, ag, a0, a2, a1z, ais, A6}

El -» {a4, a7, ag, a1, A1z, A14, A15, A16}, E2 > {as, ag, aio, a1, @iz, a4, ais, a6}
Q- {ai, az, az, as, as, ag, a7, ag, Ag, A10, A11, A12, A13, A14, A15, A16} } s

6922763391622931 1 1 4 1 1 3
{al19 y A2 > —, A3 2 —, A4 > — 4, A5 > ——, Ag 2 ——, A7 > —
2336883816890975760 36 93 43 136 16 58
16 1 1 4 6 1 1 1 1
ag > —y, A9 » —,A10 » ——, A11 7> ——, A12 > —— 4, A13 > — 4y A14 > —— A15 > —— A1 7}}
37 12 47 47 67 171 97 115 136

css andcsg arenor ordinally equivalentin the classof caseswith two causesinda singleeffect(theyarenor |I-E):

PrSAT[{CSs[E, Cl1] ~ CSs[E, C2], CSg[E, C1] < CSg[E, €2]}, Probabilities Regular]

{{Cl - {az, as, ag, ag}, C2 » {ag, as, ar, ag}, E » {as, as, az, ag}, ® > {ay, az, ag, as, as, ag, ar, agl},

18490511 2 3 1 1 1 1 1

{alei, Ay > —, A3 > —, A4 > — 4 a15+—,a15%7,a17e—,a18%—}}
53199630 29 20 654 34 396 15 3

css andcsg are ordinally equivalentin the classof caseswith two effectsanda singlecausgtheyare II-E):
PrSAT[{CSs[El, C] ~ CSs[E2, C], CSg[El, C] < CSg[E2, C]}, Probabilities Regular]

PrSAT::srchfail : Search phase failed; attempting FindIinstance
{1

= Suppes& Cheng

css andcsc arenor ordinally equivalentn general (theyarenot G-E):
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PrSAT[{CSs[El, C1] ~ CSs[E2, €C2], CSc[El, C1] < CSc[E2, C2]}, Probabilities Regular]

{{Cl - {az, as, a7, ag, aiz, a1z, aia, a1}, C2 » {az, ae, ag, a0, A12, @13, A15, A16} s

El > {a4, a7, ag, a1, a1z, a14, A1s, a1}, E2 > {as, ag, aio, a1, @13, a4, A15, A16} s
Q- {ai, a2, az, as, as, as, ar, ag, Ag, A10, A11, A12, A13, A14, A15, A16} } s

54598177821239 1 1 1 3 1 2 1
{ale gy A2 > —, a3 » ——, a4 > ——, a5 > —, A > ——, A7 > —, Ag > —4
122557892826 600 29 290 275 25 126 53 28
1 4 1 2 1 1 1 1
ag > ——,A10 > ——, A11 > ——, A12 > ——, A13 > ——, A14 > ——, A15 > ——4 8115%—}}
999 21 21 45 56

css andcsc arenor ordinally equivalentin the classof caseswith two causesnda singleeffect(theyarenot 1-E):

PrSAT[{CSs[E, C1l] ~ CSs[E, C2], CSc[E, C1] < CSc[E, C2]}, Probabilities Regular]

{{Cl - {az, as, as, ag}, C2 » {ag, as, ar, ag}, E > {as, asg, ar, ag}, @ > {ai, az, ag, as, as, ag, ar, agl},
3538711217 1 5 1 11 1 6 3

{alﬁir81297,51397:514971515%71616%71817%71618%7}}
14154 875280 92 27 35 78 303 31 16

css andcsc arenor ordinally equivalentin the classof caseswith two effectsanda singlecausetheyarenot 11-E):

PrSAT[{CSs[El, C] ~ CSs[E2, C], CSc[El, C] < CSc[E2, C]}, Probabilities Regular]

{{C - {aJZI asy, A6y aB}I El > {813, as, a7y, alS}l E2 > {814, e, A7y aJB}I Q- {all Az, A3, A4, A5y Ay A7y aB}}l

10679500945811 2 1 7 1 7 1 14
{811% y A2 > —, A3 > ——, A4 > — 4 a15—>7,a16—>—,a17e7,a18%—}}
45156 373654770 35 999 34 122 31 758 53

m Suppes& Lewis Ratio

css andeslr arenot ordinally equivalentn general (theyarenot G-E):

PrSAT[{CSs[El, €1] ~ CSs[E2, €2], cSLr[El, €1] < cSLr[E2, €2]}, Probabilities ~ Regular]

{{Cl - {az, as, azr, asg, aiz, aiz, aia, a1}, C2 > {az, ae, ag, A10, A12, @13, A15, A16} s

El -» {a4, a7, ag, a1, A1z, A14, A15, A16}, E2 > {as, ag, aio, a1, @iz, a4, ais, a6}
Q- {ai, az, az, as, as, ag, a7, ag, Ag, A10, A11, A12, A13, A14, A15, A16} } s

21928990223 4 1 2 2 1 1 8
{all‘)—l a2 > —y A3 2 —, A4 > —, A5 > —,Ag 2> ——, A7 2> —, Ag > — ¢
647751861900 55 29 51 27 29 75 29
4 1 9 1 1 2 2 1
ag » —,A10 > —¢3A11 2 —, A12 > ——, A13 > ——, A4 2> —, A15 > — a16%7}}
45 83 41 5 164

css andcslr arenot ordinally equivalentin the classof caseswith two cause@nda singleeffect(theyarenot 1-E):

PrSAT[{CSs[E, C1] ~ CSs[E, €2], CSLr[E, C1] < CSLlr[E, €C2]}, Probabilities Regular]

{{Cl - {az, as, ag, ag}, C2 » {ag, as, ar, ag}, E » {as, as, az, ag}, ® > {ay, az, ag, as, as, ag, ar, agl},
31048357 19 1 1 1 1 1 1

{alei, A > —, A3 > — g, A4 > — 4, A5 > —, Ag > —, A7 > — 613%7}}
56814408 85 24 10 19 38 126 698

css andeslr arenot ordinally equivalentin the classof caseswith two effectsanda singlecausetheyarenot 11-E):

PrSAT[{CSs[El, C] ~ CSs[E2, C], CSIr[El, C] <CSLr[E2, C]}, Probabilities Regular]

{{C - {az, as, as, ag}, E1 - {a3, as, a7, ag}, E2 > {as, as, ay, ag}, Q> {ai, az, asz, as, as, as, azr, agl},

18735952583407 1 20 1 9 1 1 4

{ala ,612%7,813%7,814%7,815%7,6{16%7,6{17%7,6{18%7}}
74400225940586 988 59 116 34 223 749 31

= Suppes& Good

css andcsij arenot ordinally equivalentn general (theyarenot G-E):
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PrSAT[{CSs[El, C1] ~ CSs[E2, €2], CSij[El, C1] < CSij[E2, €C2]}, Probabilities Regular]

{{Cl - {az, as, a7, ag, aiz, a1z, aia, a1}, C2 » {az, ae, ag, a0, A12, @13, A15, A16} s

El > {a4, a7, ag, a1, a1z, a14, A1s, a1}, E2 > {as, ag, aio, a1, @13, a4, A15, A16} s
Q- {ai, a2, az, as, as, as, ar, ag, Ag, A10, A11, A12, A13, A14, A15, A16} } s

10538490604 381 5 1 5 1 26 3 7
{a g y A2 > —, a3 » ——, a4 > —, A5 > ——,dAg > —,, A7 > —, aAg > —,
40767510250630800 42 999 42 999 69 62 43
1 1 5 1 1 1 1 1
ag > ——,A10 > — A1l > ——, A12 > ——, A13 > ——, A14 > ———, A15 > ——4 alG**}}
9 956 62 972

css andcsij arenot ordinally equivalentn the classof caseswith two causesinda singleeffect(theyarenor I-E):

PrSAT[{CSs[E, C1l] ~ CSs[E, C2], CSij[E, C1] < CSij[E, C2]}, Probabilities Regular]

{{Cl - {az, as, as, ag}, C2 » {ag, as, ar, ag}, E > {as, asg, ar, ag}, @ > {ai, az, ag, as, as, ag, ar, agl},

183180441981 1 1 1 3 1 8 20
{allﬁ—ralzﬁ71313%7:814%71a5971a6971a797138ﬁ7}}
766827368230 211 19 22 35 109 43 53

css andcsij arenot ordinally equivalentin the classof caseswith two effectsanda singlecausgtheyarenot 11-E):

PrSAT[{CSs[El, C] ~ CSs[E2, C], CSij[El, C] < CSij[E2, C]}, Probabilities Regular]

{{C - {aJZI asy, A6y aB}I El > {813, as, a7y, alS}l E2 > {814, e, A7y aJB}I Q- {all Az, A3, A4, A5y Ay A7y aB}}l

36642643319 1 1 5 1 9 1 14
{ale—,aze—,als%—,au%—,asa—,aea—,aw%—,alse—}}
113226380280 65 999 54 158 89 120 31

= Galton & Cheng

csg andcsc arenor ordinally equivalentn general (theyarenor G-E):
PrSAT[{CSg[El, Cl] ~ CSg[E2, €C2], CSc[El, €C1] < CSc[E2, C2]}, Probabilities Regular]

{{Cl - {az, as, azr, asg, aiz, aiz, aia, a1}, C2 > {az, ae, ag, A10, A12, @13, A15, A16} s

El -» {a4, a7, ag, a1, A1z, A14, A15, A16}, E2 > {as, ag, aio, a1, @iz, a4, ais, a6}
Q- {ai, az, az, as, as, ag, a7, ag, Ag, A10, A11, A12, A13, A14, A15, A16} } s

16 352691536717 1 3 1 1 5 5 1
{al19 A2 2 —, A3 > —, A4 > —, A5 > —, Ag > —— 4 A7 > —, A8 > — 4
56 256292461600 84 74 59 28 84
1 2 1 3 1 1 1 7
ag > ——, A10 > —— ¢y A11 > —— 4y A12 > —— A13 > —— 4 A4 2> —— A15 > —, A1 7 7}}
400 15 423 77 77 50

csg andese arenot ordinally equivalenin the classof caseswith two causesanda singleeffect(theyarenor I-E):

PrSAT[{CSg[E, C1] ~ CSg[E, €C2], CSc[E, C1] < CSc[E, C2]}, Probabilities Regular]

{{Cl - {az, as, ag, ag}, C2 » {ag, as, ar, ag}, E » {as, as, az, ag}, ® > {ay, az, ag, as, as, ag, ar, agl},
106 387 1 1 14 1 1 1 1

{alei,aze—, az - —yy ag > —, 815%—,815%7,817%—,6118%7}}
345950 25 12 33 11 148 22 561

csg andcsc arenor ordinally equivalentin the classof caseswith two effectsanda singlecausgtheyarenor 11-E):

PrSAT[{CSg[El, C] ~ CSg[E2, C], CSc[El, C] < CSc[E2, C]}, Probabilities Regular]

{{C - {az, as, as, ag}, E1 - {a3, as, a7, ag}, E2 > {as, as, ay, ag}, Q> {ai, az, asz, as, as, as, azr, agl},
73624 1 1 14 1 5 1 11

{alai,aza—,aga—,au%—, ag > — aea—,awe—,alg%—}}
209715 41 41 55 124 41 31 60

m  Galton & Lewis Ratio

csg andcslr arenor ordinally equivalentn general (theyarenor G-E):
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PrSAT[{CSg[El, C1] ~ CSg[E2, €2], CSIr[El, C1] < CSlr[E2, C2]}, Probabilities Regular]

{{Cl - {az, as, a7, ag, aiz, a1z, aia, a1}, C2 » {az, ae, ag, a0, A12, @13, A15, A16} s

El > {a4, a7, ag, a1, a1z, a14, A1s, a1}, E2 > {as, ag, aio, a1, @13, a4, A15, A16} s
Q- {ai, a2, az, as, as, as, ar, ag, Ag, A10, A11, A12, A13, A14, A15, A16} } s
1421801290792405981 1 1 7 1

1 13
{allé p A2 > —,AaA3 > ——, A4 > ——, A5 > ——,Ag > — 4, A7 > —,
4737362510908510560 30 827 36 186 864 62
1 1 7 1 3 1 1 1 1
ag »> ———, A9 > ——, A10 > ——, A11 > ——, A12 > ——, A13 > ——, A14 > r A15 2 —— a11‘3%7}}
482 30 54 2

40

csg andcslr arenor ordinally equivalentin the classof caseswith two causesanda singleeffect(theyarenor 1-E):

PrSAT[{CSg[E, C1] ~ CSg[E, C€2], CSIr[E, C1] < CSLr[E, C2]}, Probabilities Regular]

{{Cl - {az, as, as, ag}, C2 » {ag, as, ar, ag}, E > {as, asg, ar, ag}, @ > {ai, az, ag, as, as, ag, ar, agl},

101643217 5 1 2 1 7 7 2

{allﬁ7,612%f,&l3%7,814%—,815%7,a6%—, 6{17%—,81367}}
234554100 33 678 25 660 37 85 33

csg andeslr arenor ordinally equivalentn the classof caseswith two effectsanda singlecausetheyarenor I1-E):

PrSAT[{CSg[El, €] ~ CSg[E2, €], CSIr[El, C] < CSIr[E2, C]}, Probabilities Regular]

{{C - {aJZI asy, A6y aB}I El > {813, as, a7y, alS}l E2 > {814, e, A7y aJB}I Q- {all Az, A3, A4, A5y Ay A7y aB}}l

1417850087 1 1 1 11 3 1 11

{811%7,812%—, 813%—,814%7,a5%—,6ﬁ6%—,a7%—,a8—)—}}
4609269280 29 11 582 60 49 32 38

= Galton & Good

csg andcsij arenot ordinally equivalentin general (theyarenor G-E):
PrSAT[{CSg[El, C1] ~ CSg[E2, €2], CSij[El, C1] < CSij[E2, C2]}, Probabilities Regular]

{{Cl - {az, as, azr, asg, aiz, aiz, aia, a1}, C2 > {az, ae, ag, A10, A12, @13, A15, A16} s

El -» {a4, a7, ag, a1, A1z, A14, A15, A16}, E2 > {as, ag, aio, a1, @iz, a4, ais, a6}
Q- {ai, az, az, as, as, ag, a7, ag, Ag, A10, A11, A12, A13, A14, A15, A16} } s

1489965617 368492451701 1 11 11 1 14 9
{al19 y A2 > ——y A3 2 ——y A4 > ——, A5 2> ——, Ag 2> — 4, A7 P —4
3639223726139996794800 590 151 154
21 1 3 4 3 1 1 2 2
ag > ——, A9 » —, A10 > — ¢ A11 > ———y A12 > ——y A13 > ——y A4 2> — 4 A15 > —— A1 7}}
2 109 83 22 129

csg andesij arenor ordinally equivalentin the classof caseswith two causesnda singleeffect(theyarenot 1-E):

PrSAT[{CSg[E, C1] ~ CSg[E, €2], CSij[E, C1] < CSij[E, C2]}, Probabilities Regular]

{{Cl - {az, as, ag, ag}, C2 » {ag, as, ar, ag}, E » {as, as, az, ag}, ® > {ay, az, ag, as, as, ag, ar, agl},
82557216031 5 1 1 1 3 4 1

{ale—,aze—,als%—,au%—,ase—,ae%—,m%—,ase—}}
174544 966 524 24 129 632 233 17 47 23

csg andcsij arenor ordinally equivalentin the classof caseswith two effectsanda singlecausegtheyarenort |1-E):

PrSAT[{CSg[El, €] ~ CSg[E2, C], CSij[El, C] < CSij[E2, C]}, Probabilities = Regular]

{{C - {az, as, as, ag}, E1 - {a3, as, a7, ag}, E2 > {as, as, ay, ag}, Q> {ai, az, asz, as, as, as, azr, agl},

156979 4 2 3 1 3 1 3

{ala ,alz%f,613%f,614%—,815%—,8169—,817%—,818%—}}
608 304 19 23 29 16 38 24 19

m Chengé& Lewis Ratio

csc andeslr arenor ordinally equivalentn general (theyarenor G-E):
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PrSAT[{CSc[El, €1] ~ CSc[E2, €2], CSIr[El, C1] < CSIr[E2, C2]}, Probabilities Regular]

{{Cl - {az, as, a7, ag, aiz, a1z, aia, a1}, C2 » {az, ae, ag, a0, A12, @13, A15, A16} s

El > {a4, a7, ag, a1, a1z, a14, A1s, a1}, E2 > {as, ag, aio, a1, @13, a4, A15, A16} s
Q- {ai, a2, az, as, as, as, ar, ag, Ag, A10, A11, A12, A13, A14, A15, A16} } s

71659914 453187427 1 1 3 1 1 3
{al - r A2 2 ——, A3 2> —— A4 > ——, A5 > ———, Ag 2> — ¢y A7 > ——
730589028241010400 999 517 25 989 999 14
1 10 19 1 5 1 1 1 3
ag > ——, A9 > ——,A10 > ——,A11 > ——, A12 > ——, A13 > ——, A14 > ——, A15 > — 4 311697}}
999 53 94 999 61

47
csc andeslr arenor ordinally equivalentn the classof caseswith two causesanda singleeffect(theyarenot I-E):

PrSAT[{CSc[E, C1] ~ CSc[E, C€2], CSIr[E, C1] <CSIr[E, C2]}, Probabilities Regular]

{{Cl - {az, as, as, ag}, C2 » {ag, as, ar, ag}, E > {as, asg, ar, ag}, @ > {ai, az, ag, as, as, ag, ar, agl},

3229633 1 11 1 1 1 1 2
{alﬁi,aza—,age—, g > —— 4y A5 > ——, dg > — 4 6{17%7,818%7}}
11888100 72 50 840 999 153 5 7

csc andeslr arenot ordinally equivalentn theclassof caseswith two effectsanda singlecausgtheyarenor |1-E):

PrSAT[{CSc[El, €] ~ CSc[E2, €], CSLr[El, €] < CSlr[E2, C]}, Probabilities Regular]

{{C - {aJZI asy, A6y aB}I El > {813, as, a7y, alS}l E2 > {814, e, A7y aJB}I Q- {all Az, A3, A4, A5y Ay A7y aB}}l

1417850087 1 1 1 11 3 1 11
{811%7,812%—, 813%—,814%7,a5%—,6ﬁ6%—,a7%—,a8—)—}}
4609269280 29 11 582 60 49 32 38

= Chengé& Good
csc andcsij are ordinally equivalentin general (theyare G-E):

PrSAT[{CSc[El, C1] ~ CSc[E2, €2], CSij[El, C1l] < CSij[E2, C€C2]}, Probabilities Regular]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{

= Lewis Ratio & Good

cslr andcsij arenor ordinally equivalentin general (theyarenor G-E):
PrSAT[{CSlr [El, C1] ~ CcSlr[E2, C2], CSij[El, C1] < CSij[E2, C2]}, Probabilities Regular]

{{Cl - {az, as, az, ag, aiz, aiz, aia, a1}, C2 > {as, as, ag, A10, A12, @13, A15, A16} s

El > {a4, a7, ag, a1, a1z, A14, A1s, A16}, E2 > {as, ag, aio, a1, a1z, a4, A15, A16} s
Q- {ai, az, az, as, as, ag, Ay, Ag, Ag, A10, A11, A12, A13, A14, A15, A16} } s

1927075715645624 223873 1 1 1 2 1 3
{al]_% gy A2 > —, A3 > ——, A4 > ——, A5 > —, Ag > ——, A7 > —4

6545193215139594 055040 68 986 640 33 139 35

3 1 1 1 1 7 5 1 19
ag > —,A9 » ——,A10 > —— A1l > ———,A12 > ——, A13 > ——, A4 > ——, A5 > ——, Al _}}

56 985 71 998 521 52 56 132 82

cslr andcsij arenor ordinally equivalentin the classof caseswith two causesnda singleeffect(theyarenor 1-E):

PrSAT[{CSIr[E, €C1] ~ CSIr[E, €2], CSij[E, C1] < CSij[E, C2]}, Probabilities Regular]

{{Cl - {az, as, ag, ag}, C2 » {az, as, ar, ag}, E - {as, as, az, ag}, @ > {ay, az, az, as, as, ag, ar, agl},

50912868509 16 1 1 3 9 14 2
{alﬁ—,az%—,as»—,a4»—,as%—,ae%—,avﬁ—,as»—}}
162069276 936 97 24 86 47 38 111 49

cslr andcsij arenor ordinally equivalentin the classof caseswith two effectsanda singlecausetheyarenot 11-E):
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PrSAT[{CS1lr[El, C] ~ CSIr[E2, C], CSij[El, C] < CSij[E2, C]}, Probabilities Regular]

{{C - {aJZI asy, A6y aB}I El > {aBI as, a7, alS}l E2 > {814, e, A7y aJB}I Q- {all Az, A3, A4, A5y Ay A7y aB}}I

1862780176883 1 1 15 1 1 1 10
{al]_% y A2 > ——, Az > —, a14—>—,a15e—,a16%—,a17e—,a18+—}}
6521744272680 680 82 47 91 5 927 59

m Continuity Property Verification (Table 5)

In this sectionwe verify the continuity propertiesof all the measuresasreportedn Table5 of the paper(again,usingprsaT, asabove—
soif amodelis found,thenit is a counterexampléo the salientcontinuity property,andif no modelsarefound,thenthe salientcontinuity
propertyholdsgenerallyin thatcase).

= Causation-PreventionContinuity (CPC)

Eells
PrSAT[{CSe[Y, X] ! -cSe[UY, X]}]
PrSAT::srchfail : Search phase failed; attempting FindInstance
{1
Suppes
PrSAT[{CSs[Y, X] ! -css[UY, X]}]
PrSAT::srchfail : Search phase failed; attempting FindIinstance
{1}
Galton
PrSAT[{CSg[Y¥, X]! -cCSg[UY, X]}]
PrSAT::srchfail : Search phase failed; attempting FindInstance
{}
Cheng
PrSAT[{CSc[Y, X] ! -CcSc[UY, X]}, Probabilities Regular]

7510271 1 1 29
7,612%7,813%7,814%—}}
14910716 943 268 59

N

{{X% {az, as}, Y- {asz, as}, Q> {ai, az, az, as}}, {all

Lewis Ratio (first rescaling)
PrSAT[{CSIrl[Y, X]! -cSIlrl[UY, X]}, Probabilities ~ Regular]

997 1 1 1
— 812%7,813%7,a14%7}}
1998 4 999 4

N

{{X - {az, as}, Y~ {ag, as}, Q- {a1, az, az, as}}, {all

Lewis Ratio (secondrescaling)
PrSAT[{CSLIr2[Y, X]! - CSIr2[UY, X]}, Probabilities Regular]

4031 108 35 1
7,812%7,813%—,814%7}}
4091020 215 71 268

N

{{X - {az2, as}, Y > {az, as}, Q> {a1, az, az, as}}, {all

Good (first rescaling)
PrSAT[{CSijl1[Y, X]! -cSijl[UY, X]}, Probabilities Regular]

505481 63 1 1
ap > ——, Az > ——, A4 > —

{{X% {az, as}, Y > {az, aa}, Q- {a1, a2, az, aa}}, {all e }}
1010988 253 999 4



pmcs.nb

Good (secondrescaling)
PrSAT[{CSij2[¥, X] ! - CSij2[UY, X]}, Probabilities Regular]
119333 1 1 33
{{X% {az, aa}, Y > {asz, as}, Q> {a1, az, az, as}t}, {811 - 244790 az - 910" az - 269" as - EH
= Causation-OmissionContinuity (COC)
Eells
PrSAT[{CSe[¥, X] ! -CcSe[¥, UX]}, Probabilities = Regular]
PrSAT::srchfail : Search phase failed; attempting FindInstance
{}
{}
Suppes
PrSAT[{CSs[Y, X]! -CSs[Y, UX]}, Probabilities = Regular]
9896 1 1 37
{{X% {az, aa}, Y > {a3z, as}, Q- {a1, a2, a3z, as}}, {al - 16953 az - 999" as - 999" as - EH
Galton
PrSAT[{CSg[¥, X]! -cCSg[Y, UX]}]
PrSAT::srchfail : Search phase failed; attempting FindInstance
{}
Cheng
PrSAT[{CSc[Y¥, X] ! -CSc[¥, UX]}, Probabilities =~ Regular]
1 29 12 1
{{X% {az, as}, Y > {asz, as}, Q> {a1, a2, az, as}}, {all - ——,az - g, az - gr as - 5}}
Lewis Ratio (first rescaling)
PrSAT[{CSIrl[Y, X]! -cCSlrl[Y, UZX]}]
PrSAT::srchfail : Search phase failed; attempting FindInstance
{}
Lewis Ratio (secondrescaling)
PrSAT[{CSIr2[Y, X] ! - CcSIr2[Y, UX]}, Probabilities Regular]
22266503 1 1 84
{{X% {az, as}, Y > {az, as}, @ > {a1, a2, az, as}}, {all - 44695430 az - 998 as - 265 as - E}}

Good (first rescaling)
PrSAT[{CSij1[¥, X] ! -cCsijl[Y, UX]}]
PrSAT::srchfail : Search phase failed; attempting FindInstance

{}

Good (secondrescaling)

[13
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PrSAT[{CSij2([Y, X] ! - csij2[Y¥, UX]}, Probabilities = Regular]
3304061 1 1 62

2%7613%7,814%7}}

{{X% {aZI a14}1 Y- {alSI 814}, Q- {all a2, A3y al4}}l {all -, a ’
6618375 265 999 125

= Causation= Prevention By OmissionContinuity (CPO)

Eells
PrSAT[{CSe[Y, X] ! cSe[UY, UX]}]
PrSAT::srchfail : Search phase failed; attempting FindInstance
{}
Suppes
PrSAT[{CSs[Y, X] ! cSs[UY, UX]}, Probabilities Regular]
{{X% {az, a4}, Y - {az, as}, @ > {a1, az, az, as}}, {all - i, az - ﬂ, az - i: as - i}}
892107 47 19 999
Galton
PrSAT[{CSg[Y, X]! csg[UY, UX]}]
PrSAT::srchfail : Search phase failed; attempting FindIinstance
{}
Cheng

PrSAT[{CSc[Y, X] ! csec[UY, UX]}, Probabilities = Regular]

995 1 1 1
{{X%{aZI al4}lY%{a131 al4}IQ%{alll Az, A3y a4}}l{al%71 dz > ——y A3 > —4 814%7}}
3996 999 4 2
Lewis Ratio (first rescaling)
PrSAT[{CSIrl[Y, X]! cslrl[UY, UX]}]
1 1 1
{{X%{aZI al4}1 Y%{a3l 814}, Q%{all Az, A3y a4}}l{a1921 aJZ%OI a]?:%zr a495}}

Lewis Ratio (secondrescaling)

PrSAT[{CSIr2[Y, X] ! cSlr2[UY, UX]}, Probabilities Regular]

505481 1 1 63
{{X%{aZI a14},Y%{a13, al4}IQ%{alll Az, A3y a4}}l{al%71 Az » —, A3 2> — 814%7}}
1010988 4 999 253
Good (first rescaling)
PrSAT[{CSijl[Y, X] ! csijl[UY, UX]}]
1 1 1

{{X% {az, as}, Y- {az, as}, Q> {ai, az, az, as}}, {811 > —, az > ;, az > —, ag > 0}}
4 4

Good (secondrescaling)
PrSAT[{CSij2[Y, X] ! cSij2[UY¥, UX]}, Probabilities = Regular]

995 1 1 1
{{X%{aZI as}, Y- {az, as}, Q> {a1, a2, as, a4}}l{al%71 az » —, A3z 2 —y 614%7}}
3996 2 4 999
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Causal Independence (definitions, and two fundamental properties)

First, we definethevariouscausaindependenceelations for the variousmeasuresf causaktrength:
icse[E_, €1_, €2_] :=CSe[E, €1, €2] == CcSe [E, €1, Uc2];
ICcSs[E_, €C1_, €2_] :=CSs[E, €1, €2] == CSs[E, c1, Uc2];
ICSg[E_, C1_, €2_] :=CSg[E, €1, €2] == CSg[E, c1, Uc2];
ICSc[E_, €1_, €2_] :=CSc[E, €1, €2] == CcSc[E, c¢1, Uc2];
Iicslr[E_, €1_, €2_] :=CSlr[E, €1, c2] == cSlr[E, c1, Uc2];
ICSij[E_, €1_, €2_] := CSij[E, €1, €2] == csij[E, c1, Uc2];

Then,we set-upour background conditions (BACK), which includethefollowing: (i) thatc1 andc2 areunconditionallyprobabilistically
independent(ii) thatc1 andc2 arebothpositively causallyrelevantto  [i.e., thatpr[E|c11>Pr[E] and Pr[E|c2]1>Pr[E]]. Finally,
to simplify the searcheswe will alsoassumdaspartof Back) —!without lossof generalityin this context—!(iii) thatpr[E |c1]1=1/2
andpr[E]=1/4 andthat pr[E|c2]=1/2 andpPr[E]=1/4. Thislastassumptiofjwhich is justa morepreciseway of assertindii)] could
berelaxed butthe searchesvould takemuchlongerto complete.

BACK := {Pr[Cl | €2] < Pr[Cl], Pr[E | Cl] > Pr[E], Pr[E | €2] > Pr[E],
Pr[E |Cl] ==1/2, Pr[E] == 1/ 4, Pr[E | €2] == 1/2, Pr[E] == 1/ 4};

Thefollowing two fundamentapropertiesnvolving causalndependencpidgmentsaresatisfiedby all of our measuresgiven BACK:

¥ 1cs(E,c1,c2) iff zes(E,c2,c1) [Symmetryof 1cs inc1,c2]
¥ ICS(E,c1,c2) iff 1cs(E,C1,C2)=ICS(E,C1) [Equivalenceof conditional/unconditionadefinitionsof 1cs]

HereareprsaT-verificationsof thesefundamentapropertieggivensack), for eachof our measuresf causalstrength. First, we definea
non-equivalence relation (%), to makeit easiernto asserthatalogical equivalencdails to hold:

pP_»dq_:= (PR q) && (g B p);

p_Ta_:=Up»q;

= Edlls

Symmetryof 1¢cse inc1,c2, given BACK:

PrSAT[BACK |J {ICSe[E, €1, €2] T ICSe[E, €2, C1]}]
PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

Equivalenceof conditional/unconditionadefinitionsof 1cse, given BacCk:
PrSAT[BACK|J {ICSe [E, €1, €2] T (CSe[E, €1, €C2] == CSe[E, C1])}]
PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

= Suppes

Symmetryof 1¢ss inc1,c2, given BACK:

PrSAT[BACK | {ICSs[E, €1, €2] T ICSs[E, €2, C1]}]
PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

Equivalenceof conditional/unconditionadlefinitionsof 1css, given BACK:
PrSAT[BACK|J {ICSs[E, €1, €2] T (CSs[E, €1, €2] == CSs[E, C1])}]
PrSAT::srchfail : Search phase failed; attempting FindInstance
{}
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Galton

Symmetryof 1¢csg in€1,c2, given BACK:
PrSAT [BACK |J {ICSg[E, €1, c2] T ICSg[E, C2, C1]}]
PrSAT::srchfail : Search phase failed; attempting FindInstance
{}
Equivalenceof conditional/unconditionalefinitionsof 1¢csg, given BACK:
PrSAT [BACK |J {ICSg[E, €1, €2] T (CSg[E, C1, €2] == CSg[E, C1])}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{3

= Cheng

Symmetryof 1¢se in€1,c2, given BACK:
PrSAT [BACK |J {ICSc[E, €1, €2] T ICSc[E, €2, C1]}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

Equivalenceof conditional/unconditionadlefinitionsof 1csg, given BACK:
PrSAT[BACK|J {ICSc[E, €1, €2] T (CSc[E, €1, €2] == CSc[E, €1])}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

= Lewis Ratio

Symmetryof 1¢cslr inc1,c2, given BACK:
PrSAT[BACK |J {ICSLlr [E, €1, €2] T ICSIr[E, €2, C€1]}]
PrSAT::srchfail : Search phase failed; attempting FindIinstance
{}
Equivalenceof conditional/unconditionatlefinitionsof 1¢sir, given BACK:
PrSAT [BACK |J {ICSLlr [E, €1, €2] T (cSlr[E, €1, €2] == CSIr[E, C1])}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

= Good
Symmetryof 1¢sij in €1,c€2, given BACK:
PrSAT[BACK | {ICSij[E, €1, €2] T ICSij[E, €2, C1]}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

Equivalenceof conditional/unconditionadefinitionsof 1csij, given BACK:
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PrSAT[BACK |J {ICSij[E, €1, €2] T (CSij[E, €1, €C2] == CSij[E, C1])}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

m Agreement on Causal Independence Judgments (Table 6)

In this sectionwe verify the claimsaboutagreementn independencgidgmentseportedn Table6 of the paper(usingprsatT, asabove)

s Eells& Suppes

cse andcss agreeon all independencgidgmentsassumingack). First, we showthaticse[E,c1,c2] B 1CSs[E,C1,C2], given
BACK!

PrSAT[BACK | {ICSe[E, €1, €2], UICSs[E, C1l, C2]}]
PrSAT::srchfail : Search phase failed; attempting FindInstance
{1

Then, We showthatzicss[E,c1,c2] B ICSe[E,C1,C2], JiVENBACK:
PrSAT[BACK | {U ICSe [E, €1, C2], ICSs[E, C1, C2]}]
PrSAT::srchfail : Search phase failed; attempting FindInstance

{3

Finally, we showthatthereare somecasegsatisfyingsack) in whichcse andcss agreethatc1 andc2 areindependentause®f E (non-
triviality):

1
PrSAT[BACKU {ICSe[IE:, Cl, c2], ICss[E, €1, €2], Pr[C1l] < —}, Probabilities Regular]
3

{{Cl - {az, as, as, ag}, C2 » {ag, as, ar, ag}, E > {as, as, ar, ag}l, @ > {ai, az, ag, as, as, ag, ar, agl},

391 61 10 1 2 37 6 6
{811%7,812%7,813%7,814%7,815%7,816%7,817%7,818%7}}
876 438 73 876 73 438 73 73

= Eells& Galton

cse andcsg agreeonall independencgidgments(assumingack). First, we showthaticse[E,c1,c2] B ICSg[E,C1l,C2], given
BACK:

PrSAT[BACK |J {ICSe[E, €1, ¢2], UIcCSg[E, €1, €2]}]
PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

Then, we showthaticsg[E,Cc1,c2] B ICSe[E,C1,C2], JiVENBACK:
PrSAT [BACK|J {U ICSe [E, C1, €2], ICSg[E, C1, C2]}]
PrSAT::srchfail : Search phase failed; attempting FindInstance

{3

Finally, we showthatthereare somecasegsatisfyingBack) in whichcse andcsg agreethatc1 andc2 areindependentause®f & (non-
triviality):
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1 —
PrSAT[BACKU {ICSe[]E, Ccl, c2], ICSg[E, €1, €2], Pr[C1] « —}, Probabilities Regular]
3

{{Cl - {az, as, ag, ag}, C2 » {az, as, ar, ag}, E - {as, as, az, ag}, @ > {ay, az, az, as, as, ag, ar, agl},

949 74 145 1 29 5 29 29
{alei, d > ——, A3 » ———, A4 > ——, A5 > ———, dAg » ——, A7 > — ag%—}}
2124 531 1062 708 1062 59 354 354

m Eells& Cheng

cse andcsc agreeonno independencpidgmentyassumin@Aack).
PrSAT [BACK |J {ICSe [E, €1, €2], ICSc[E, Cl, C2]}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

m Eells& Lewis Ratio

cse andcslr agreeonno independencgidgmentyassumingAack).
PrSAT[BACK|J {ICSe[E, C1, C€2], ICSIr[E, C1l, C2]}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{3

= Eells& Good

cse andcsij agreeonno independencpidgmentyassumingAack).
PrSAT[BACK |J {ICSe[E, €1, €2], ICSij[E, €1, €2]}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

= Suppes& Galton

css andcsg agreeon all independenc@idgmentsassumingack). First, we showthaticss[E,c1,c2] B ICSg[E,C1,c2], given
BACK:

PrSAT [BACK |J {ICSs[E, €1, €2], UICSg[E, C1, C€2]}]
PrSAT::srchfail : Search phase failed; attempting FindInstance
{3}

Then, We showthaticsg[E,Cc1,c2] B ICSs[E,C1,C2], JiVENBACK:
PrSAT[BACK | {U ICSs[E, C1, €2], ICSg[E, C1, C2]}]
PrSAT::srchfail : Search phase failed; attempting FindInstance

{}

Finally, we showthatthereare somecasegqsatisfyingBack) in whichcss andcsg agreethatc1 andc2 areindependentause®f E (non-
triviality):



PrSAT[BACKU {ICSs[]E, c1, €2], ICSg[E, €1, €2], Pr[Cl] <

{{Cl - {az, as, ag, ag}, C2 » {az, as, ar, ag}, E - {as, as, az, ag}, @ > {ay, az, az, as, as, ag, ar, agl},

949 74 145 1 29

{alle7,ag%—,al3%7,a4%—,a5»7,a6»—,a7e—,age—

2124 531 1062 708 1062
m Suppes& Cheng

css andcsc agreeon no independencidgmentyassumingack).
PrSAT [BACK|J {ICSs[E, C1, €2], ICSc[E, C1, €2]}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

= Suppes& Lewis Ratio

css andcslr agreeonno independencgidgmentgassumingack).
PrSAT[BACK|J {ICSs[E, C1, €2], ICSIr[E, C1l, C2]}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{3

= Suppes& Good

css andcsij agreeonno independencgidgmentyassumingAack).
PrSAT [Union[BACK, {ICSs[E, €1, €2], ICSij[E, €1, €2]}]]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

= Galton & Cheng

csg andcsc agreeonno independencgidgmentyassumingAack).
PrSAT [BACK|J {ICSg[E, €1, €2], ICSc[E, C1, C2]}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

= Galton & Lewis Ratio

csg andcslr agreeonno independencgidgmentyassumin@®ack).
PrSAT[BACK|J {ICSg[E, €1, €2], ICSIr[E, C1, C2]}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{3

= Galton & Good

csg andesij agreeonno independencidgmentgassumin@®Ack).

1
—}, Probabilities Regular]
3

5
59

29
354

29
354

})
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PrSAT[BACK |J {ICSg[E, €1, €2], ICSij[E, C1, €C2]}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

m Cheng& Lewis Ratio

csc andeslr agreeonno independencgidgmentgassumingack).
PrSAT[BACK|J {ICSc[E, €1, €2], ICSIr[E, C1l, C2]}]

PrSAT::srchfail : Search phase failed; attempting FindIinstance
{3

= Chengé& Good

csc andcsij agreeonall independencgidgmentgassumingack). First,we showthaticsc[E,c1,c2] R ICSij[E,C1,C2], given
BACK:

PrSAT [BACK |J {ICSc[E, €1, ¢2], UICSij[E, €1, €2]}]
PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

Then, We showthatzicsij[E,c1,c2] B ICSc[E,C1,C2], JiVENBACK:
PrSAT[BACK |J {U ICSc[E, €1, €2], ICSij[E, €1, C€2]}]
PrSAT::srchfail : Search phase failed; attempting FindInstance

{3

Finally, we showthatthereare somecasegqsatisfyingesack) in which csc andcsij agreethatc1 andc2 areindependentause®f E
(non-triviality):

1
PrSAT[BACKU {ICSc[]E, c1, ¢2], ICSij[E, €1, €2], Pr[cCl] < —}, Probabilities — Regular]
3

{{Cl - {aZI as, A6s aS}I C2 - {813, as, a7y al8}1 E - {814, dgs A7y al8}! Q- {alr a2, A3, A4, A5y Ag, ATy alS}}l

343 49 7 1 2 37 5 4
{al]_%—,812%—,813%—,5114%—,315%—,616%—,617%—,618—)—}}
732 366 61 732 61 366 61 61

= Lewis Ratio & Good
cslr andcsij agreeonno independencgidgmentgassumin@ack).

PrSAT [BACK |J {ICSIr [E, €1, €2], ICSij[E, €1, €2]}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{



pmcs.nb | 21

m Constraint () on the values of independent causal strengths

In this sectionwe will showthatsomeof our measures aresuchthat:
@) ics! [E, €1, ¢2] B cs! [E, €1] + CS! [E, €2] © 1.

Thatis, for someof our measures, if c1 andc2 areindependentause®f E accordingto m, thenthe individual m-causal-strengthsf
c1 andc2 cannotsumto morethanl. We will alsoshowthatsomemeasureslo nor imply any suchconstraint() on independent
individual causaktrengths.

m Eells

cse does entail( ):

PrSAT[{ICSe[E, Cl, €2], Pr[Cl | €2] < Pr[Cl],
CcSe[E, Cl1] +CSe[E, €2] > 1, CSe[E, C1] >0, CSe [E, €2] > 0}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{3

= Suppes

css does entail():
PrSAT[{ICSs[E, Cl, €C2], Pr[Cl | C2] < Pr[Cl], CSs[E, C1] +CSs[E, €2] > 1, CSs[E, C1] >0, CSs[E, C2] > 0}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

m Galton

csg does entail():
PrSAT[{ICSg[E, Cl, €2], Pr[Cl | €2] < Pr[Cl], CSg[E, C1] +CSg[E, €2] > 1, CSg[E, C1] >0, CSg[E, C2] > 0}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

= Cheng

csc doesnor entail ():

PrSAT[{ICSc[E, €1, €2], Pr[Cl | C2] < Pr[Cl], CSc[E, Cl] +CSc[E, €2] >1, CSc[E, C1] >0,
CSc[E, €2] >0, Pr[Cl] < 1/2, Pr[C2] < 1/ 2}, Probabilities Regular, BypassSearch True]

{{Cl - {az, as, as, ag}, C2 - {az, as, ar, ag}, E > {as, as, ar, ag}, @ > {ay, az, ag, as, as, ag, ar, agl},

1 1 1 1 3 3 3 29
{6{114)7,812%7, az - —y a4%—,a5%—,a6%—,an»—,ag%—}}
6 128

= Lewis Ratio (first rescaling)

cslrl doesnor entail ():
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PrSAT[{ICSIr[E, C1, €2], Pr[Cl | €2] < Pr[cl], CSIrl[E, C1] +cCSIrl[E, €2] > 1, cSIrl[E, C1] >0,
Ccslrl[E, €2] >0, Pr[Cl] < 1/2, Pr[C2] < 1/2}, Probabilities Regular, BypassSearch True]

{{Cl - {az, as, ag, ag}, C2 » {agz, as, ar, ag}, E » {as, as, az, ag}, Q > {ay, az, az, as, as, ag, ar, agl},

31 15 3 1 1 1 1 1
{alléi,alzé—, az > —yy a4 > ——, A5 > —, A > —, A7 > —, algéf}}
128 64 16 128 8 64 16 8

= Lewis Ratio (secondrescaling)

cslr2 doesnor entail():

PrsAT[{ICSIr[E, Cl, C2], Pr[Cl | C2] < Pr[cl], CSIr2[E, C€1] +CSIr2[E, €2] > 1, CSIr2[E, C1] > O,
CSlr2[E, C2] >0, Pr[Cl1l] < 1/2, Pr[C2] < 1/2}, Probabilities Regular, BypassSearch True]

{{Cl - {az, as, ag, ag}, C2 » {agz, as, ar, ag}, E > {as, as, ar, ag}l, @ > {ai, az, ag, as, as, apg, ar, agl},

21 3 3 1 9 1 1 23
{ale—,age—,age—, a4e—,a15e—,a16e—,a17e—,age—}}
92 16 16 46 128 16 16 128

m  Good (first rescaling)

csijl doesnor entail( ):

PrSAT[{ICSij[E, €1, €2], Pr[Cl | €2] < Pr[cl], CSijl[E, C1] +CSijl[E, €2] > 1, CSijl[E, C1] > O,
CSijl[E, €2] >0, Pr[Cl] < 1/2, Pr[C2] < 1/2}, Probabilities Regular, BypassSearch True]

{{Cl - {az, as, as, ag}, C2 » {agz, as, ar, ag}, E > {as, as, ar, ag}l, @ > {ai, az, ag, as, as, ap, ar, agl},

1 1 1 1 1 3 5 15
{alaf,aza—, Az > —, A4 > —, A5 > —, Ag > —, A7 > —4 als%—}}
6 24 64

= Good (secondrescaling)

csij2 doesnot entail( ):

PrSAT[{ICSij[E, C1, €2], Pr[Cl | €2] < Pr[Cl], CSij2[E, C1] +CSij2[E, €2] > 1, CSij2[E, C1] >0,
CSij2[E, €2] >0, Pr[Cl] < 1/2, Pr[C2] < 1/2}, Probabilities Regular, BypassSearch True]

{{Cl - {az, as, ag, ag}, C2 » {az, as, ar, ag}, E - {as, as, az, ag}, Q > {ay, az, az, as, as, ag, a7, agl},

1 1 1 1 3 3 3 29
{alléf,alzﬁ—, Az > —, A4 > —, A5 > ——, Ag > —, A7 > —, age—}}
6 128

m Causal Independence and The Causal Strength of Conjunctive Factors

In this section we showthatsomeof our measures appear to violate thefollowing OindependenaynergypropertyO:

(S) ics! [E, €1, €2] R (cs! [E, ¢1 A ¢2] > cs! [E, €1] & cS! [E, €1 A €2] > cS! [E, C2])

But, thatthe appearancef the failure of (S) for (all but oneof) thesemeasures dependsn anincorrectway of calculating@s! [E,
c1 A ¢210. Oncethisis correctedwe seethat— on a properunderstandingf @s! [E, c¢1 A ¢2]10,all butoneof our measures do
satisfy(S). Thereis butoneOrecalcitrant@easure—!the Galtonmeasuresg.

= Eells

cse appears to violate (S), asthe existenceof the following modelindicates:
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PrSAT[

{
Pr[Cl A C2] < Pr[Cl1l] Pr[C2],
Pr[E | C2] > Pr[E],
Pr[E | C1] > Pr[E],
cSe[E, €1, €2] < CSe[E, c¢1, Uc2],
cSe[E, C1 A C2] < CSe[E, C1]

1,

Probabilities Regular

]

{{Cl - {az, as, as, ag}, C2 - {agz, as, ar, ag}, E > {as, as, ar, ag}, @ > {ai, az, ag, as, as, ag, ar, agl},

10736022587 36278969 2
{alﬁ—,azﬁi,asﬁf,
122536789540 452458083 5
146564197 15 1 1 1
a4ﬁ—,a5%—,ae%—,a7%—,as%—}}
122536789540 41 101 131 21

But, onthefollowing properreformulationof cse[E, €1 A €2]
CSe[E, C1 A €2] = Pr[E | €C1 A €2] - Pr[E | =Cl1 A -C2],

which compare®r[E | c1 A c2] andpr[E | -c1 A -c2] ratherthanpr[E | ¢1 A c¢2] andPr[E | -~(C1l A €2)], such
examplegdonotexist. So(S) is satisfiedby cse — onceit is properlyunderstood.

PrSAT|[

{

Pr[Cl A C2] < Pr[Cl1l] Pr[C2],

Pr[E | €C2] > Pr[E],

Pr[E | C1] > Pr[E],

cse[E, €1, €2] < cse[E, c1, Uc2],

Pr[E |ClAcC2]-Pr[E | UclAUc2] = cSe[E, C1]
}
]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{3

This is to be expectedin light of the fact thatcse (assuminga properreformulationof cse[E, ¢1 A ¢2]) admitsof thefollowing
(additive) Odecompositiond) the causalstrengthof a conjunctivecausalactor,in casesvhereit judgesthe conjunctsto beindependenin
causingk:

ICSe[E, Cl, €2] B CSe[E, C1 A €2] = Pr[E | C1 A C2] - Pr[E | °Cl A -C2] = CSe[E, Cl] + CSe[E, Cl]

This canbeverified usingprsar, asfollows:

PrSAT|[

{

Pr[Cl1] AC2] < Pr[Cl] Pr[C2],

Pr[E | C2] > Pr[E],

Pr[E | C1] > Pr[E],

CcSe[E, €1, €2] < CSe[E, ¢1, Uc2],

Pr[E |[ClAC2]-Pr[E | Ucl1 AUc2]! cSe[E, €1] +CSe[E, C2]

}
]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

= Suppes

css doesnot evenappear to violate (S):
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PrSAT[

{

Pr[Cl A C2] < Pr[Cl1l] Pr[C2],

Pr[E | C2] > Pr[E],

Pr[E | C1] > Pr[E],

cSs[E, €1, €2] < CSs[E, ¢1, Uc2],
css[E, C1 AC2] < CSs[E, C1]
1,

Probabilities Regular

1
PrSAT::srchfail : Search phase failed; attempting FindIinstance

{3

Thus,css satisfieg(S) — evenonnaive application.Thisis to beexpectedin light of thefollowing (formal) additivity propertyof css:
ICSS[E, €1, €2] B CSS[E, €1 A C2] = CSS[E, Cl] + CSS[E, C2]

which canbeverified usingprsat, asfollows:

PrSAT[

{

Pr[Cl1] AC2] < Pr[Cl] Pr[C2],

Pr[E | C2] > Pr[E],

Pr[E | C1] > Pr[E],

cSs[E, €1, €2] < cSs[E, ¢1, Uc2],
CSs[E, C1 AC2] ! CSs[E, €C1] +CSs[E, C2]
Yy

Probabilities Regular

1
PrSAT::srchfail : Search phase failed; attempting FindInstance

{3

Sincethe Suppesneasuraloesnotinvolve conditioningon ~C, thereis no needto considereformulationsof css[E, €1 A c2].

= Galton

csg appears 1o violate (S), asthe existenceof thefollowing modelindicates:

PrSAT [
{
Pr[Cl AC2] < Pr[Cl] Pr[C2],
Pr[E | C2] > Pr[E],
Pr[E | C1] > Pr[E],
CSg[E, €1, €2] < cSg[E, c1, Uc2],
CSg[E, €1 A C2] <CSg[E, C1],
Pr[Cl] < 1/3
Yy

Probabilities  Regular

]

{{Cl - {az2, as, as, ag}, C2 - {az, as, ay, ag}, E > {as, as, ay, ag}, Q> {ai, az, az, as, as, ag, ar, Ag}},

668143271 1096 151739 506617 1 3 17 5
a - as - 814%7,815%7,816%7,617%7,618%7}}

{all - ’ r — 1
1860173964 10989 1109889 206 685996 999 37 101 33

Surprisingly,evenon a properreformulationof csg[E, €1 A c¢2], which (presumably)vould be givenby thefollowing:

CSg[E, C1 A €C2] = 4 (Pr[E A (C1 A C2)] - Pr[E]Pr[Cl A C2])

suchexamplesyill exist. So(S) seemdo be violatedby csg — evenoncecsg[E, €1 A c¢2] is properlyreformulated. HereOa
Orecalcitrant@odel:
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PrSAT[
{
Pr[Cl1l AC2] < Pr[Cl] Pr[C2],
Pr[E | C2] > Pr[E],
Pr[E | C1] > Pr[E],
CSg[E, €1, €2] < CSg[E, ¢1, Uc2],
CSg[E, C1 AC2] < CSg[E, C1],

4 (Pr[E A (C1 A €2)] - Pr[E] Pr[Cl A €2]) < CSg[E, €1],

Pr[Cl] < 1/ 4,

Pr[C2] < 1/4,

Pr(E] < 1/2
1, _
Probabilities Regular,
BypassSearch True

]

{{Cl - {az, as, ag, ag}, C2 » {agz, as, ar, ag}, E - {as, as, az, ag}, Q > {ay, az, az, as, as, ag, ar, agl},

45 3 3 27 1 9 3 7
{alléi,alzé—, az » —, A4 > ——, A5 > ——, Ag > — 4 617%—,318%7}}
128 64 32 128 128 64 32 128

= Cheng

CSe appears to violate (S), asthe existenceof thefollowing modelindicates:

PrSAT [

{
Pr[Cl A C2] < Pr[Cl] Pr[C2],
Pr[E | €C2] > Pr[E],
Pr[E | Cl] > Pr[E],
CSc[E, €1, €2] < CSc[E, ¢1, Uc2] <« 1/2,
csc[E, €1 A €2] < CSc[E, C1]

},

Probabilities Regular

]

{{Cl - {az, as, ag, ag}, C2 » {agz, as, ar, ag}, E » {as, as, az, ag}, Q > {ay, az, az, as, as, ag, a7, agl},

1312788 2 656 394

{311%71 az > —, a3 > ——————
33167407 19 6234475
4922955 7 7 35117079 25
6114%7,@5%7,&6%—,6117%7,613%—}}
1956877013 25 59 3229458050 74

But, onaproperreformulationof csc[E, €1 A c2],i.e.:

Pr[E | ¢1 A c2] - Pr[E | Ucl A Uc2]
1 - Pr[E | Ucl A Uc2]

CSc[E, C1 A €2]

which compare®r[E | c1 A c2] andpr[E | -c1 A -c2] ratherthanpr[E | ¢1 A c¢2] andpr[E | -(C1l A €2)], such
examplegdo notexist. So(S)really is satisfiedby cse¢ — onceit is properlyunderstood.
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PrSAT [

{

Pr[Cl1] AC2] < Pr[Cl] Pr[C2],

Pr[E | C2] > Pr[E],

Pr[E | C1] > Pr[E],

CcSc[E, €1, €2] < CSc[E, ¢1, Uc2],

Pr[E |ClAC2]-Pr[E | Ucl1 AUc2]

J
]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

o CSc[E, C1]

1- Pr[E |Uc1AUc2]

This is to be expectedin light of the fact thatcse (assuminga properreformulationof csc[E, €1 A c¢2]1) admitsof the following
(multiplicative) Odecompositionsd the causalstrengthof a conjunctivecausalfactor,in casesvhereit judgesthe conjunctsto beindepen
dentin causingr:

Pr[E|C1AC2] - Pr[E|-ClA-C2]
1 - Pr[E|-C1A-C2]

ICSc[E, Cl, €2] R CSc[E, Cl A C2] = = 1-(1-CSc[E,C1]) (1-CSc[E, €2])

This canbeverified usingersar, asfollows:

PrSAT [

{

Pr[Cl AC2] < Pr[Cl] Pr[C2],

Pr[E | C2] > Pr[E],

Pr[E | C1] > Pr[E],

CcSc[E, €1, €2] < CSc[E, ¢1, Uc2],

Pr[E |Cl1AcC2] - Pr[E | Ucl1 AUc2] |

J
]

PrSAT::srchfail : Search phase failed; attempting FindInstance

{3

1-(1- CSc[E, C€1]) (1 - CSc[E, €2])

1- pr[E|UclAUc2]

= |ewis Ratio (non-rescaled)

cslr doesnotr evenappear 10 violate (S):

PrSAT[

{
Pr[cl AC2] < Pr[cl] Pr[c2],
Pr[E | C2] > Pr[E],
Pr[E | C1] > Pr[E],
cslr [E, €1, €2] < cSIr[E, ¢1, Uc2],
csir[E, €1 AC2] @ CSIr[E, C1]

1,

Probabilities Regular

1
PrSAT::srchfail : Search phase failed; attempting FindInstance

{}
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Thus,csir satisfies(S) — evenon naive application. This is despite thefactthatcsir[E, €1 A c2] is notproperlyformulated(on
naive application). WhatOmoreimportanthereis thatcsir satisfies(S),oncecsir[E, ¢1 A c2] is properlyreformulatedasfollows:

Pr[E|CIAC2]

CSIr[E, Cl1 A C2] =
rl ] Pr[E|-C1A-C2]

This canbeverified usingprsar, asfollows:

PrSAT [

{

Pr[Cl AC2] < Pr[Cl] Pr[C2],

Pr[E | €C2] > Pr[E],

Pr[E | C1] > Pr[E],

csir [E, €1, €2] < cslr[E, ¢1, Uc2],
Pr@: | cli c2D

o CSLIr[E, C1]
Pr@ | -cli -c2D

}

Probabilities Regular

PrSAT::srchfail : Search phase failed; attempting FindInstance
{3

This is to be expectedin light of thefactthatcsir (assuminga properreformulationof csir[E, €1 A c¢2]) admitsof the following

(multiplicative) Odecompositiond) the causalstrengthof a conjunctivecausalfactor,in casesvhereit judgesthe conjunctsto beindepen
dentin causingk:

CSlr[E, €1, C€C2] B CSIr[E, Cl1 A C2] = Pr[E|CIAC2] = CSIr[E,Cl] * CSIr[E, C2
rl[E, ’ 1 rl[E, 1 = Pr[]E|—-<[:1/\—-C2] = r[E, ] r[E, ]

This canbeverified usingprsart, asfollows:

PrSAT [

{

Pr[Cl A C2] < Pr[C1l] Pr[C2],

Pr[E | €C2] > Pr[E],

Pr[E | C1] > Pr[E],

cslr [E, €1, €2] < cslr[E, c1, Uc2],
Pr@ | Cli c2D

! cSlr[E, €1]* CSIr[E, €2]
Pr@ | -Cli -c2D

}

Probabilities Regular

PrSAT::srchfail : Search phase failed; attempting FindInstance
{3

= Lewis Ratio (secondrescaling)

cslr2 appears to violate (S), asthe existenceof thefollowing modelindicates:
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PrSAT[

{
Pr[Cl A C2] < Pr[Cl1l] Pr[C2],
Pr[E | C2] > Pr[E],
Pr[E | C1] > Pr[E],
csir2([E, €1, €2] < cSlr2[E, ¢1, Uc2],
cslr2[E, C1 A C2] < cSIr2[E, €1]

1,

Probabilities Regular

1
{{Cl - {az, as, as, ag}, C2 - {agz, as, ar, ag}, E > {as, as, ar, ag}, @ > {ai, az, ag, as, as, ag, ar, agl},
426722843 632350171 2 64 1 4 1 9

{al]_% y A2 o g A3 > —, Ag — ,615%7,616%—,817%7,618%—}}
7206311529 52668350928 9 63423 999 29 243 16

But, onaproperreformulationof csir2[E, €1 A c2],ie.:

Pr[E | Uc1l A Uc2]
Pr[E | C1 A €2]

CSIr2[E, €1 A €2] = 1 -

which involvespr[E | ¢1 A c¢2] andPr[E | -c1l A -c2] ratherthanpr[E | €1 A c¢2] andpr[E | —(C1 A €2)], Such
examplegdo notexist. So(S)reallyis satisfiedby csir2 — onceit is properlyunderstood.

PrSAT [

{

Pr[Cl A C2] < Pr[Cl1l] Pr[C2],

Pr[E | C2] > Pr[E],

Pr[E | C1] > Pr[E],

csir2([E, €1, €2] < cSlr2[E, ¢1, Uc2],

Pr@ | -c1i -c2D
1- o cSIr2[E, C1]
Pr@ | €1 i c2D
}.

Probabilities Regular

]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

Thisis to beexpectedin light of thefactthatcsir2 (assuminga properreformulationof esir2[E, ¢1 A c2]) admitsof thefollowing
(multiplicative) Odecompositions) the causalstrengthof a conjunctivecausalfactor,in casesvhereit judgesthe conjunctsto beindepen
dentin causingg:

_ 1. Pr[E | Ucl A Uc2] _ . _
cslr2[E, €1, €2] B cSIr2[E, €1 A c2] = 1 PrE | €1 A 2] 1 - (l-cslr2[E, €1l]) (1 -CSIr2[E, C2])

This canbeverified usingprsar, asfollows:



PrSAT [

{

Pr[Cl1] AC2] < Pr[Cl] Pr[C2],

Pr[E | C2] > Pr[E],

Pr[E | C1] > Pr[E],

cslr2[E, €1, €2] < cSlr2[E, c¢1, Uc2],
Pr@ | -cl11i -c2D

1- l 1- (1- eslr2[E, c1]) (1 - CSIr2[E, €2])

Pr@ | c11 c2D

}

Probabilities Regular

]

PrSAT::srchfail : Search phase failed; attempting FindInstance

{3

= Good

csij doesnot evenappear to violate (S):

PrSAT[
{
Pr[Cl AC2] < Pr[Cl] Pr[C2],
Pr[E | €C2] > Pr[E],
Pr[E | C1] > Pr[E],
CSij[E, €1, €2] < CSij[E, ¢1, Uc2] <« 1/2,
CSij[E, €1 A C2] < CSij[E, C1]
1,

Probabilities Regular

1
PrSAT::srchfail : Search phase failed; attempting FindInstance

{}
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Thus,csij satisfies(S) — evenonnaive application. Thisis despite thefactthatesij[E, €1 A c¢2] is not properlyformulated(on
naive application). WhatOmoreimportanthereis thatcsij satisfies(S),oncecsij[E, €1 A ¢2] is properlyreformulatedasfollows:

Pr[-E|-C1A-C2]
Pr[-E|ClAC2]

CSij[E, Cl A C2] =

This canbeverified usingersar, asfollows:

PrSAT [

{

Pr[Cl1] AC2] < Pr[Cl] Pr[C2],

Pr[E | C2] > Pr[E],

Pr[E | C1] > Pr[E],

CSij[E, €1, €2] < CSij[E, c1, Uc2]« 1/2,
PriUE | Uc1 AUc2]

}

Probabilities Regular

]

PrSAT::srchfail : Search phase failed; attempting FindInstance

{3

< CSij[E, €1]

Pr[UE | C1 A C2]
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This is to be expectedin light of the fact thatcsij (assuminga properreformulationof csij[E, ¢1 A c2]) admitsof the following

(multiplicative) Odecompositionsd the causalstrengthof a conjunctivecausalfactor,in casesvhereit judgesthe conjunctsto beindepen
dentin causingr:

Pr[-E|-C1A-C2]

CSij[E, €1, €2] R CSij[E, Cl A C2] =
13l ] 13t ] Pr[-E|CIAC2]

= 1-((1-CSij[E,C1l]) (1-CSij[E,C2]))

This canbeverified usingersar, asfollows:

PrSAT [

{

Pr[Cl AC2] < Pr[Cl] Pr[C2],

Pr[E | €2] > Pr[E],

Pr[E | C1] > Pr[E],

CSij[E, €1, €2] < CSij[E, ¢1, Uc2] <« 1/2,
Pr[UE | Uc1 AUc2]

}

Probabilities Regular

]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

_ I'1- (1- CSij[E, €1]) (1 - CSij[E, €2])
PriUE | C1 AC2]

m Boolean Representations of Cheng, Eells, Suppes, and Lewis Ratio (second rescaling)

= Cheng

Assumethat (1) A, Q, andC arepairwiseindependenandjointly independentand(2) E = A V (Q A C). Then,we havethe following
Booleanrepresentationf csc:

CSc[E, C] = Pr[Q]

Hereis averification:

ASSc = {Pr[A A Q] < Pr[RA] Pr[Q], Pr[A AC] < Pr[A] Pr[C],

Pr[p AC] < Pr[Q] Pr[C], Pr[A A (QAC)] < Pr[A] PriQ AC]};
E =

Y
(QAC);

PrSAT[ASSc |J {CSc[E, €] ! Pr[Q]}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

s Edls

Assumethat (1) A andQ aremutually exclusive,(2) A andC areindependent(3) Q andC areindependentand(4)E = A V (Q A C).
Then,we havethefollowing Booleanrepresentationf cse:

CSe[E, €] = Pr[Q]

Hereis averification:

ASSe = {Pr[A AQ] < O, Pr[AAC] < Pr[A] Pr[C], Pr[Q AC] < Pr[Q] Pr[C]l};



PrSAT[ASSe |J {CSe[E, €] ! Pr[Q]}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

= Suppes
The sameassumptionsisedfor the Eellsmeasureaboveyield the following Booleanrepresentationf css:

CSs[E, €] = Pr[Q A ~C]
Hereis averification:
PrSAT[ASSe |J {CSs[E, €] ! Pr[p A UcC]}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{}

= Lewis Ratio (secondrescaling)

The sameassumptionsisedfor the EellsandSuppesneasuresboveyield thefollowing Booleanrepresentatioof csir2:

CSIr2[E, C] = Pr[Q | C A E]
Hereis averification:
PrSAT[ASSe |J {CSIr2[E, C] ! Pr[Q | C A E]}]

PrSAT::srchfail : Search phase failed; attempting FindInstance
{
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