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ON THE LOGIC OF THEORY CHANGE:
PARTIAL MEET CONTRACTION AND REVISION FUNCTIONS

CARLOS E. ALCHOURRON, PETER GARDENFORS AND DAVID MAKINSON:!

Abstract. This paper extends earlier work by its authors on formal aspects of the processes
of contracting a theory to eliminate a proposition and revising a theory to introduce a
proposition. In the course of the earlier work, Girdenfors developed general postulates of a
more or less equational nature for such processes, whilst Alchourrén and Makinson studied
the particular case of contraction functions that are maximal, in the sense of yielding a
maximal subset of the theory (or alternatively, of one of its axiomatic bases), that fails to imply
the proposition being eliminated.

In the present paper, the authors study a broader class, including contraction functions that
may be less than maximal. Specifically, they investigate “partial meet contraction functions”,
which are defined to yield the intersection of some nonempty family of maximal subsets of the
theory that fail to imply the proposition being eliminated. Basic properties of these functions
are established: it is shown in particular that they satisfy the Gérdenfors postulates, and
moreover that they are sufficiently general to provide a representation theorem for those
postulates. Some special classes of partial meet contraction functions, notably those that are
“relational” and “transitively relational”, are studied in detail, and their connections with
certain “supplementary postulates” of Gardenfors investigated, with a further representation
theorem established.

§1. Background. The simplest and best known form of theory change is
expansion, where a new proposition (axiom), hopefully consistent with a given
theory A, is set-theoretically added to A, and this expanded set is then closed under
logical consequence. There are, however, other kinds of theory change, the logic of
which is less well understood. One form is theory contraction, where a proposition x,
which was earlier in a theory 4, is rejected. When A is a code of norms, this process is
known among legal theorists as the derogation of x from A. The central problem is to
determine which propositions should be rejected along with x so that the contracted
theory will be closed under logical consequence. Another kind of change is revision,
where a proposition x, inconsistent with a given theory A, is added to 4 under the
requirement that the revised theory be consistent and closed under logical
consequence. In normative contexts this kind of change is also known as
amendment.
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A basic formal problem for the processes of contraction and revision is to give a
characterization of ideal forms of such change. In [3] and [4], Gérdenfors
developed postulates of a more or less equational nature to capture the basic
properties of these processes. It was also argued there that the process of revision
can be reduced to that of contraction via the so-called Levi identity: if 4 - x
denotes the contraction of 4 by x, then the revision of 4 by x, denoted 4 + x, can be
defined as Cn((4 ~ —1x) U {x}), where Cn is a given consequence operation.

In [2], Alchourrén and Makinson tried to give a more explicit construction of the
contraction process, and hence also of the revision process via the Levi identity.
Their basic idea was to choose 4 ~ x as a maximal subset of A that fails to imply x.
Contraction functions defined in this way were called “choice contractions” in [2],
but will here be more graphically referred to as “maxichoice contractions”.

As was observed in [2], the maxichoice functions have, however, some rather
disconcerting properties. In particular, maxichoice revision -+, defined from
maxichoice contraction as above, has the property that for every theory A4, whether
complete or not, 4 4 x will be complete whenever x is a proposition inconsistent
with 4. Underlying this is the fact, also noted in [2], that when 4 is a theory with
x € A, then for every proposition y, either (x v y)ed =~ x or (x v 1y)e 4 ~ x,
where — is maxichoice contraction. The significance of these formal results is dis-
cussed briefly in [2], and in more detail in Géardenfors [5] and Makinson [6].

The “inflation properties” that ensue from applying the maxichoice operations
bring out the interest of looking at other formal operations that yield smaller sets as
values. In this paper, we will start out from the assumption that there is a selection
function y that picks out a class of the “most important” maximal subsets of 4 that
fail to imply x. The contraction 4 — x is then defined as the intersection of all
the maximal subsets selected by y. Functions defined in this way will be called partial
meet contraction functions, and their corresponding revision functions will be called
partial meet revision functions. It will be shown that they satisfy Géardenfors’
postulates, and indeed provide a representation theorem for those postulates. When
constrained in suitable ways, by relations or, more restrictedly, by transitive
relations, they also satisfy his “supplementary postulates”, and provide another
representation theorem for the entire collection of “basic” plus “supplementary”
postulates.

Acquaintance with [6] will help the reader with overall perspective, but it is not
necessary for technical details.

Some background terminology and notation: By a consequence operation we
mean, as is customary, an operation Cn that takes sets of propositions to sets of
propositions, such that three conditions are satisfied, for any sets X and Y of
propositions: X < Cn(X), Cn(X) = Cn(Cn(X)), and Cn(X) < Cn(Y) whenever
X < Y. To simplify notation, we write Cn(x) for Cn({x}), where x is any individual
proposition, and we also sometimes write y € Cn(X) as X I y. By a theory, we mean,
as is customary, a set 4 of propositions that is closed under Cn; that is, such that
A = Cn(A), or, equivalently, such that A = Cn(B) for some set B of propositions.
As in [2], we assume that Cn includes classical tautological implication, is com-
pact (that is, y € Cn(X’) for some finite subset X’ of X whenever y € Cn(X)), and
satisfies the rule of “introduction of disjunctions in the premises” (that is, y
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€ Cn(X U {x; v x,}) whenever y e Cn(X U {x,}) and y € Cn(X U {x,})). We say
that a set X of propositions is consistent (modulo Cn) iff for no proposition y do we
have y &y € Cn(X).

§2. Partial meet contraction. Let Cn be any consequence operation over a
language, satisfying the conditions mentioned at the end of the preceding section,
and let A be any set of propositions. Asin [1]and [2], we define A L x to be the set of
all maximal subsets B of A such that B I x. The maxichoice contraction
functions -+ studied in [2] put A = X to be an arbitrary element of A L x whenever
the latter is nonempty, and to be A itself in the limiting case that 4 L x is empty. In
the search for suitable functions with smaller values, it is tempting to try the
operation A ~ x defined as ()(4 L x) when 4 L x is nonempty, and as 4 itself in the
limiting case that 4 1 x is empty. But as shown in Observation 2.1 of [2], this setisin
general far too small. In particular, when A4 is a theory with x € A, then 4 ~ x
= A n Cn(Tx). In other words, the only propositions left in 4 ~ x when A is a
theory containing x are those which are already consequences of —1x considered
alone. And thus, as noted in Observation 2.2 of [2], if revision is introduced as usual
via the Levi identity as Cn((4 ~ —1x) U {x}), it reduces to Cn((4 n Cn(x)) U {x})
= Cn(x), for any theory 4 and proposition x inconsistent with A. In other words, if
we revise a theory A in this way to bring in a proposition x inconsistent with A4, we
get no more than the set of consequences of x considered alone—a set which is far
too small in general to represent the result of an intuitive process of revision of 4 so
as to bring in x.

Nevertheless, the operation of meet contraction, as we shall call ~, is very useful as
a point of reference. It serves as a natural lower bound on any reasonable contraction
operation: any contraction operation — worthy of the name should surely have
A~x< A - xforall A, x, and a function — satisfying this condition for a given 4
will be called bounded over A.

Following this lead, let A be any set of propositions and let y be any function such
that for every proposition x, (4 L x) is a nonempty subset of 4 L x, if the latter is
nonempty, and y(4 L x) = {4} in the limiting case that 4 L x is empty. We call such
a function a selection function for A. Then the operation — defined by putting A ~ x
= ﬂy(A 1 x) for all x is called the partial meet contraction over A determined by y.
The intuitive idea is that the selection function y picks out those elements in 4 1 x
which are “most important” (for a discussion of this notion cf. Girdenfors [5]) and
then the contraction A — x contains the propositions which are common to the
selected elements of A L x. Partial meet revision is defined via the Levi identity as
A 4+ x = Cn((4 ~ 1x) U {x}). Note that the identity of 4 —~ x and 4 + x depends
on the choice function y, as well, of course, as on the underlying consequence
operation Cn. Note also that the concept of partial meet contraction includes, as
special cases, those of maxichoice contraction and (full) meet contraction. The
former is partial meet contraction with y(4 L x) a singleton; the latter is partial meet
contraction with y(4 L x) the entire set A L x. We use the same symbols ~ and +
here as for the maxichoice operations in [2]; this should not cause any confusion.

Our first task is to show that all partial meet contraction and revision functions
satisfy Gérdenfors’ postulates for contraction and revision. We recall (cf. [2] and
[6]) that these postulates may conveniently be formulated as follows:
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(=1) A = x is a theory whenever 4 is a theory (closure).

(=2) A =~ x < A (inclusion).

(=3) If x ¢ Cn(A), then 4 ~ x = A (vacuity).

(=4) If x ¢ Cn(F), then x ¢ Cn(A4 = x) (success).

(=5) If Cn(x) = Cn(y), then 4 — x = A ~ y (preservation).

(=6) A < Cn((A4 - x) U {x}) whenever 4 is a theory (recovery).

The Géirdenfors postulates for revision may likewise be conveniently formulated
as follows:

(+1) A + x is always a theory.

(+2) xe A+ x.

(+3) If 1x ¢ Cn(A), then A + x = Cn(4 U {x}).

(+4) If 7x ¢ Cn(), then 4 + x is consistent under Cn.

(+5) If Cn(x) =Cn(y), then A + x = 4 + y.

(+6) (A4 x)n A=A ~="1x, whenever A is a theory.

Our first lemma tells us that even the very weak operation of (full) meet
contraction satisfies recovery.

LEMMA 2.1. Let A be any theory. Then A < Cn((A ~ x) U {x}).

PRrROOF. In the limiting case that x ¢ 4 we have 4 ~ x = 4 and we are done.
Suppose x € A. Then, by Observation2.1 of [2], wehave 4 ~ x = 4 n Cn(T1x)soit
will suffice to show 4 = Cn((4 » Cn(Tx)) U {x}). Let a € 4. Then since A4 is a
theory, T1x v ae 4. Also —1x v ae Cn(T1x), so Tix v ae A n Cn(—1x), so since
Cn includes tautological implication, a € Cn((4 n Cn(mx)) v {x}). O

COROLLARY 2.2. Let — be any function on pairs A, x. Let A be any theory. If = is
bounded over A, then — satisfies recovery over A.

OBSERVATION 2.3. Every partial meet contraction function = satisfies the
Gdrdenfors postulates for contraction, and its associated partial meet revision function
satisfies the Gdrdenfors postulates for revision.

PRrOOF. It is easy to show (cf. [3] and [4]) that the postulates for revision can all be
derived from those for contraction via the Levi identity. So we need only verify the
postulates for contraction. Closure holds, because when A is a theory, so too is each
Be Al x, and the intersection of theories is a theory; inclusion is immediate;
vacuity holds because when x ¢ Cn(A)then A L x = {4} so (A4 L x) = {A}; success
holds because when x ¢ Cn(() then by compactness, as noted in Observation 2.2 of
[1], A L x is nonempty and so 4 ~ x = ﬂy(A 1 x) i+ x; and preservation holds
because the choice function is defined on families 4 L x rather than simply on pairs
A, x, so that when Cn(x) = Cn(y) we have A Lx=A4 1y, so that y(4 L x)
= y(A L y). Finally, partial meet contraction is clearly bounded over any set 4, and
so by Corollary 2.2 satisfies recovery. []

In fact, we can also prove a converse to Observation 2.3, and show that for
theories, the Gérdenfors postulates for contraction fully characterize the class of
partial meet contraction functions. To do this we first establish a useful general
lemma related to 7.2 of [2].

LEMMA 2.4. Let A be a theory and x a proposition. If Be A L x,then Be A L y for
all y € A such that B ¥ y.

PROOF. Suppose Be A L xand B - y, y € A. Toshow that Be 4 L yit will suffice
to show that whenever B < B' < A4, then B'Hy. Let B B’ < A. Since Be A L
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x we have B’ x. But also, since Be 4 L x, A L x is nonempty, so 4 ~ x =
((A L x) = B; so, using Lemma 2.1, A = Cn(B U {x}) = Cn(B’ U {x}) = Cn(B’),
so since y e A we have B'+y. [

OBSERVATION 2.5. Let — be a function defined for sets A of propositions and
propositions x. For every theory A, — is a partial meet contraction operation over A
iff = satisfies the Gdrdenfors postulates (= 1)—(= 6) for contraction over A.

ProOOF. We have left to right by Observation 2.3. For the converse, suppose
that - satisfies the Gardenfors postulates over 4. To show that = is a partial meet
contraction operation, it will suffice to find a function such that:

(i) 7(4 L x) = {4} in the limiting case that 4 L x is empty,

(i) y(4 L x) is a nonempty subset of 4 L x when 4 L x is nonempty, and

(iii) A~ x=()y(4Lx).

Put y(4 L x) to be {4} when 4 L x is empty, and to be {Be 4 L x: 4 ~ x < B}
otherwise. Then (i) holds immediately. When 4 L x is nonempty, then x ¢ Cn(&) so
by the postulate of success A ~ x - x, s0, using compactness, y(4 L x) is nonempty,
and clearly y(4 L x) = 4 L x, so (ii) also holds. For (iii) we have the inclusion 4 = x
< ()7(4 1 x) immediately from the definition of y. So it remains only to show that
(J2(ALx)= A= x

In the case that x ¢ 4 we have by the postulate of vacuity that A — x = A4, so the
desired conclusion holds trivially. Suppose then that x € 4, and suppose a ¢ 4 = x;
we want to show that a ¢ [)(4 L x). In the case a ¢ 4, this holds trivially, so we
suppose that ae A. We need to find a Be A L x with A~ x < B and a¢ B.
Since - satisfies the postulate of recovery, and a € 4, we have (4 - x) U {x} Fa.
But, by hypothesis,a ¢ 4 — x = Cn(4 ~ x) by the postulate of closure, so since Cn
includes tautological implication and satisfies disjunction of premises, (4 =~ x)
v {Tx} lFa, so A= xlxva Hence by compactness there is a Be A L
(x va)with A= x < B. Since Be A L(x v a) we have B I x v a, so a ¢ B. And
also since Blf x v a we have Bl x, so, by Lemma 2.4, and the hypothesis that
x € A, we have Be A 1 x, and the proof is complete. [

A corollary of Observation 2.5 is that whenever — satisfies the Gardenfors
postulates for contraction over a theory A4, then it is bounded over A. However, this
consequence can also be obtained, under slightly weaker conditions, by a more
direct argument. We first note the following partial converse of Lemma 2.1.

LEMMA 2.6. Let A be any theory. Then for every set B and every xe€ A, if A
< Cn(B U {x}), then A ~ x < Cn(B).

PROOF. Suppose x € 4, A < Cn(B u {x}), and a € A ~ x; we want to show that
aeCn(B). Since A is a theory and xe€ A we have A ~x=Cn(mx)n 4 by
Observation 2.1 of [2];50 T1xFa,s0 B U {T1x} Fa.Butalsosinceae 4 ~ x < 4
< Cn(B v {x})we have B U {x} |- g, so by disjunction of premises and the fact that
Cn'includes tautological implication, we have a € Cn(B). [

OBSERVATION 2.7. Let ~ be any function on pairs A, x. Let A be a theory.
If = satisfies closure, vacuity and recovery over A, then = is bounded over A.

PROOF. Suppose — satisfies closure, vacuity and recovery over A. Let x be any
proposition; we need to show 4 ~ x € 4 ~ x. In the case x ¢ A we have trivially
A ~x = A = x by vacuity. In the case x € A we have 4 < Cn((4 ~ x) U {x}) by
recovery,so A ~ x = Cn(A4 ~ x) = A =~ x by Lemma 2.6 and closure. []
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§3. Supplementary postulates for contraction and revision. Girdenfors [5] has
suggested that revision should also satisfy two further “supplementary postulates”,
namely:

(+7) A+ (x&y) = Cn((A4 + x) U {y}) for any theory A,
and its conditional converse:

(+8) Cn((4 + x) U {y}) =4+ (x&y) for any theory A, provided that —1y
¢ A+ x.

Given the presence of the postulates (~1)-(=6) and (4 1)—(4 6), these two
supplementary postulates for + can be shown to be equivalent to various
conditions on —. Some such conditions are given in [5]; these can however be
simplified, and one particularly simple pair, equivalent respectively to (4 7) and
(4+8), are:

(=7 (A=x)n(4=y)c A~ (x&y)for any theory A.

(=8 A~ (x&y) = A~ x whenever x ¢ A ~ (x & y), for any theory A.

OBSERVATION 3.1. Let — be any partial meet contraction operation over a theory A.
Then it satisfies (= 7) iff it satisfies (+ 7).

PrOOF. We recall that 4 is defined by the Levi identity 4 4 x =
Cn((4 = 71x) U {x}). Let A be any theory and suppose that (= 7) holds for all x and
y. We want to show that (4 7) holds for all x and y. Let

weAd 4 (x&y)=Cn((4 - 1(x&y) U {x&}y}).
We need to show that
weCn((4 4 x) U {7}) = Cn(Cn((4 = —1x) U {x}) U {3})
=Cn((4 - x) U {x&y})
by general properties of consequence operations. Noting that
Cn(—x)=Cn((x&y)&(1x v ),
it will suffice by condition (= 7) to show that
weln((4 -~ 1(x&y) U {x&y}) and weCn((4 = (T1xVy)u {x&y})

But the former is given by hypothesis, so we need only verify the latter. Now by the
former, we have w € Cn(4 U {x & y}), so it will suffice to show that

Au{x&y} =Cn((4 =~ (1x Vv y) U {x&y})

But clearly x& y € RHS, and moreover since x& yHyH—1x v y we have by
recovery that A < RHS, and we are done.

For the converse, suppose that (4 7) holds for all x, y. Letae (4 ~ x) n (4 = y);
we need to show that a e 4 ~ (x & y). Noting that

Cn(x) = Cn(—1((T1x v T1y) & X)),
we have ’

aeA="1((xvOan&TIX) S A+ (Cx v Iy &TIX)
cCn((4 + (1x v y)u {Tx}).

A similar reasoning gives us also a € Cn((4 + (T1x v —1y)) U {T1y}). So applying
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disjunction of premises and the fact that Cn includes tautological implication, we
have

aeCn(A+(xvy)=4A+Cx vy =Cn((4 = (x&y) v {1(x&y)}).

But by recovery we also have ae Cn((4 - (x&y)) U {x & y}), so, again using
disjunction of premises,

aeCn(d - (x&y)=A4+(x&Y)

by closure, and we are done. []

OBSERVATION 3.2. Let ~ be any partial meet contraction function over a theory A.
Then it satisfies (= 8) iff it satisfies (4 8).

PROOF. Let A4 be a theory and suppose that (= 8) holds for all x and y. We want to
show that (4 8) holds for all x and y. Noting that Cn(—1x) = Cn((Tx v 71y) & 1x)
wehave 4 ~ —1x = A = (M x v —1y) & 1x). But also, supposing for (4 8) that =1y
¢ A4x=Cn((A~"1x) U {x}),wehave1x v 1y ¢ 4 = T1x. We may thus apply
(= 8) to get

A="x=A=-(COxv & Ix)cdAd=(Cxvy=4=-"1(x&y).
This inclusion justifies the inclusion in the following chain, whose other steps are
trivial:

Cn((4 + x) v {y}) = Cn(Cn((4 = 1x) v {x}) U {y})
=Cn((4+~"1x) U {x&y}) =Cn((4 - 1(x &) U {x&y})
=4+ (x&y)

For the converse, suppose (4 8) holds for all x and y, and suppose x ¢ 4 ~ (x & y).
Then clearly

x¢Cn(d = (x&y)v{xv oy =4+ 1(x&y),
so we may apply (4 8) to get

Cn((A+(x&y)v{xh) A+ ((x&y)&1x)=A4+ 1x
=Cn((4 = x) U {M1x}).

Thus, since 4 ~ (x & y) is included in the leftmost term of this series, we have
~ (x&y) = Cn((4 = x) U {Tx}).

But using recovery we also have 4 ~ (x&)) < A < Cn((4 =~ x) U {x}), so by
disjunction of premises and the fact that Cn includes tautological implication, we
have 4 ~ (x & y) < Cn(4 = x) = A — x by closure, as desired. []

We end this section with some further observations on the powers of (=7) and
(=8). Now postulate (=7) does not tell us that 4 = x and 4 = y, considered
separately, are included in 4 = (x & y). But it goes close to it, for it does yield the
following “partial antitony” property.

OBSERVATION 3.3. Let ~ be any partial meet contraction function over a theory A.
Then = satisfies (=7) iff it satisfies the condition

(=P) (A=x)nCn(x) = 4~ (x&Y) forall x and y.
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PROOF. Suppose (- 7) is satisfied. Suppose w € A — x and x - w; we want to show
that we A4 = (x&y). If x¢ A or y¢ A, then trivially 4 ~ (x&y) = 4, so we
A =~ (x & y). So suppose that x € A and y € A. Now

A=-(x&y)=A=(C1x Vv y&x),

so by (=7) it will suffice to show that we A = (—ix v y) and we 4 ~ x. We have
the latter by supposition. As for the former, recovery gives us A -
COxvyu{xvytbx, so A=(Cxvyu{txikx, so A=-(CxVy)
FxkFwsowed=(1x Vv y).

For the converse, suppose (- P) is satisfied, and suppose w e (4 ~x) n (4 - y);
we want to show thatwe 4 ~ (x & y). Sincew € 4 ~ x, wehavex v w € A ~ x, and
so since xkx v w, (=P) gives us x v we A = (x&y). Similarly, y v we 4 =
(x&y). Hence wv (x&y)=(x v w)&(y vweAd=(x&y). But by recovery,
A=~ x&y) v {x&y}tw,sowv TI(x&y) e A = (x&y). Putting these together
givesuswe A ~ (x & y) as desired. []

Condition (= 8) is related to another condition, which we shall call the covering
condition:

(=C) For any propositions x, y, A ~ (x&y) S A~ xor A~ (x&y)< 4~ y.

OBSERVATION 3.4. Let ~ be any partial meet contraction function over a theory A.
If = satisfies (= 8) over A, then it satisfies the covering condition (= C) over A.

PRrOOF. Let x and y be propositions. In the case x & y € Cn(F) we have, say,
xeCn(H); so A~ (x&y)=A=A -~ x and we are done. In the case x& y ¢
Cn(), then by success we have x& y ¢ A ~ (x& y), soeither x¢ 4 ~ (x & y) or y
¢A=(x&y),soby(=8)either4 - (x&y)cA=-xord=-(x&y)<Ad-y [

However, the converse of Observation 3.4 fails. For as we shall show at the
end of the next section, there is a theory, finite modulo Cn, with a partial meet
contraction over A that satisfies the covering condition (and indeed also supple-
mentary postulate (= 7)), but that does not satisfy (= 8). Using Observation 3.4,
it is easy to show that when A is a theory and = satisfies postulates (= 1)—(=6),
then (=8) can equivalently be formulated as 4 —~ (x& y) = 4 — x whenever
x¢A =~ y.

In[2], it was shown that whilst the maxichoice operations do not in general satisfy
(4+7) and (+8), they do so when constrained by a relational condition of
“orderliness”. Indeed, it was shown that for the maxichoice operations, the
conditions (4 7), (+ 8), and orderliness are mutually equivalent, and also equivalent
to various other conditions. Now as we have just remarked, in the general context of
partial meet contraction, (= 7) does not imply (- 8), and it can also be shown by an
example (briefly described at the end of next section) that the converse implication
likewise fails. The question nevertheless remains whether there are relational
constraints on the partial meet operations that correspond, perfectly or in part, to
the supplementary postulates (= 7) and (= 8). That is the principal theme of the next
section.

§4. Partial meet contraction with relational constraints. Let 4 be a set of
propositions and y a selection function for 4. We say that v is relational over A iff
there is a relation < over 24 such that for all x ¢ Cn({¥), < marks off (A L x)in the
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sense that the following identity, which we call the marking off identity, holds:
P(ALlx)={BeALx:B <Bforall B € ALlx}.

Roughly speaking, y is relational over A iff there is some relation that marks off the
elements of y(4 L x) as the best elements of 4 L x, whenever the latter is nonempty.
Note that in this definition, < is required to be fixed for all choices of x; otherwise all
partial meet contraction functions would be trivially relational. Note also that the
definition does not require any special properties of < apart from being a relation; if
there is a transitive relation < such that for all x ¢ Cn(() the marking off identity
holds, then y is said to be transitively relational over A. Finally, we say that a partial
meet contraction function — is relational (transitively relational) over A4 iff it is
determined by some selection function that is so. “Some”, because a single partial
meet contraction function may, in the infinite case, be determined by two distinct
selection functions. In the finite case, however, this cannot happen, as we shall show
in Observation 4.6.

Relationality is linked with supplementary postulate (-7), and transitive
relationality even more closely linked with the conjunction of (=7) and (-8).
Indeed, we shall show, in the first group of results of this section, that a partial meet
contraction function = is transitively relational iff (= 7) and (= 8) are both satisfied.
In the later part of this section we shall describe the rather more complex
relationship between relationality and (= 7) considered alone. It will be useful to
consider various further conditions, and two that are of immediate assistance are:

@7 Y(ALx&y) < y(ALx)uy(ALy),forall x and y.

(v8) y(ALx)=y(ALx&y)whenever A Lx ny(4d L x&y) # .

As with (= 8), it is easy to show that when A is a theory and y is a selection function
over A, then (y8) can equivalently be formulated as

yALx)sy(ALx&y) whenever A Lxny(ALly #O.

The following lemma will also be needed throughout the section.

LEMMA 4.1. Let A be any theoryand x,ye A. Then A L (x&y)= AL x v A Ly.

ProoF. We apply Lemma 2.4. When Be 4 L (x & y), then Bt x & y so BH x or
Bl y,soby2.4either Be A L xorBe ALl y Conversely,if Be AL xorBeALly,
then BH x & y so, by 2.4 again, Be A L (x&y). [

OBSERVATION 4.2. Let A be atheory and ~ a partial meet contraction function over
A determined by a selection functiony. If y satisfies the condition (y7), then ~ satisfies
(=7), and if it satisfies (y8), then — satisfies (= 8).

PRrOOF. Suppose (y7) holds. Then we have:

A=x)n(A=y = ﬂy(A 1x)n ﬂy(A 1) since y determines —
=()@(ALx)Uuy(4Ly) by generalset theory
< ()y(4 L(x&y)) using condition (y7)

— A= (x&Y).

Suppose now that (y8) holds, and suppose x¢ A ~ (x&y); that is, x ¢
(17(A L x & y). We need to show that 4 ~ (x& y) = 4 = x. In the case x ¢ 4 we
have A ~ (x&y) = A = A = x. So suppose x € 4. Since x ¢ [ y(4 L x &) there
is a Bey(A L x&y) with BH x, so, by Observation 2.4, Be A L x and thus B
eAlxny(ALx&y). Applying (y8) we have y(ALlx)sy(A4Lx&y), so
A= (x&y)=(yALx&y) = 94 Lx)=A4= xasdesired. [
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OBSERVATION 4.3. Let A be any theory and y a selection function for A. If y is
relational over A then vy satisfies the condition (y7), and if y is transitively relational
over A, then y satisfies the condition (y8).

PROOF. In the cases that x € Cn(J), y € Cn(J),x ¢ Aand y ¢ A4, both (y7) and (y8)
hold trivially, so we may suppose that x ¢ Cn(), y ¢ Cn(), x € A and y € A.

Suppose 7y is relational over 4, and suppose Be y(4 L x & y). Now y(4 L x& y)
CAlx&y=A1lxuAdlysoBeALlxorBe ALl y;consider the former case,
as the latter is similar. Let B e A L x. ThenB'e A L x UA 1l y=A 1L x&y,and so
B’ < Bsince B € y(A L x& y) and y is relational over 4; and thus, by relationality
again, Be (4 L x) € y(4A L x) U y(4 L y), as desired.

Suppose now that y is transitively relational over A4, and suppose
AlxnyALlx&y) # &. Suppose for reductio ad absurdum that there is a
Bevy(ALlx) with B¢y(ALx&y). Since Bey(ALlx)cALlxcALlx&y by
Lemma 4.1, whilst B ¢ y(4 L x & y), we have by relationality that there is a B’ e
A1 x&ywith B £ B. Now by the hypothesis 4 L x N y(4 L x& y) # (&, there is
a B"eALlx with B"ey(A L x&y). Hence by relationality B’ < B” and also
B” < B. Transitivity gives us B’ < B and thus a contradiction. []

When A4 is a theory and y is a selection function for A, we define y*, the completion
of y, by putting y*(4 Lx)={Be A L x:(|y(A L x) = B} for all x ¢ Cn(¢), and
7*(A L x) = p(A L x) = {A} in the limiting case that x € Cn((). It is easily verified
that y* is also a selection function for A, and determines the same partial meet
contraction function as y does. Moreover, we clearly have y(4 L x) < y*(4 1 x)
= y**(4 L x) for all x. This notion is useful in the formulation of the following
statement:

OBSERVATION 4.4. Let A be any theory, and — a partial meet contraction function
over A, determined by a selection function y. If — satisfies the conditions (= 7) and
(= 8) then y* is transitively relational over A.

ProOF. Define the relation < over 24 as follows: for all B, B’ € 24, B’ < Biff either
B’ = B = A, or the following three all hold:

(i) B'e AL x for some x € A.

(i) Be AL xand A - x < Bfor some x € 4.

(i) Forall x,if B,Be Al xand A ~ x < B’,then 4 ~x < B.

We need to show that the relation is transitive, and that it satisfies the marking off
identity y*(A Lx) = {Be A L x: B’ < Bforall B’ € 4 1 x} for all x ¢ Cn(Q).

For the identity, suppose first that B € y*(AL x) < 4 L x since x ¢ Cn(F). Let B’
€ A 1 x; we need to show that B’ < B.If x ¢ Athen B' = B = Aso B’ < B. Suppose
that x € A. Then clearly conditions (i) and (ii) are satisfied. Let y be any proposition,
and suppose B, Be A L yand A —~ y < B’; we need to show that 4 ~ y = B. Now
by covering, which we have seen to follow from (= 8), either 4 ~ (x& y) =€ 4 ~ x or
A= (x&y)= A+ y. And in the latter case 4 ~ (x&y) = A~y< B € AL x so
x¢ A= (x&y); so by (=8) again 4~ (x&y)< A~ x. Thus in either case
A+ (x&y) < A - x. Now suppose for reductio ad absurdum that there is a w
€A=ywithw¢ B. Theny v weAd—~ yand sosince y-y v w we have by (=7)
using Observation 3.3 that yvweAd~(x&y) S A~ x=[)y*(4Lx) < B; so
y Vv weB. Butalsosince Be A Lyandw¢ Band we A4, we have B U {w}F y, so
—w Vv y € B. Putting these together gives us (y v w)&(y v 71w)€ B, so y € B,
contradicting Be 4 1 y.
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For the converse, suppose B ¢ y*(4 L x) and Be 4 L x; we need to find a B’
€ A L x with B’ £ B. Clearly the supposition implies that x € A4, so B # A. Since B
€ A L x, the latter is nonempty, so y*(4 L x) is nonempty; let B’ be one of its
elements. Noting that B, Be A L x, B' € y*(A L x), but B ¢ y*(4 L x), we see that
condition (iii) fails, so that B’ £ B, as desired.

Finally, we check out transitivity. Suppose B” < B’ and B’ < B; we want to show
that B” < B. In the case that B = A then clearly since B’ < Bwe have B’ = B = 4,
and thus since B” < B’ we have B” = B’ = A,s0 B” = B = A and B” < B. Suppose
for the principal case that B # A. Thensince B’ < B, clearly B’ # A.Since B' < Bwe
have Be A 1L wand A — w < Bfor some w € A, so (ii) is satisfied. Since B” < B’ we
have B” € A L w for some w € A4, so (i) is satisfied. It remains to verify (iii). Suppose
B’,Be Al yand A - y < B”; we need to show that 4 ~ y < B. First, note that
since B # A by the condition of the case, we have y € A. Also, since B” < B’ and B’
# A, thereisan x € A with B'e A 1 x and A =~ x < B’. Since x, y € A we have by
Lemma 4.1 that Al x&y=A1lxuALly so B", B, Be ALx&y. Now by
covering, either 4 ~ (x& y) € A ~ yor A ~ (x & y) = A ~ x. The former case gives
us A=~ (x&y) < B”, so since B’ < B’ and B’ # A we have A ~ (x&y) € B, so
again since B’ < B and B # A we have 4 ~ (x& y) < B. Likewise, the latter case
givesus A ~ (x& y) < B’,sosince B’ < Band B # Awehave A ~ (x& y) < B. Thus
in either case, 4 — (x& y) = B. Now let we A ~ y; we need to show that w e B.
Since we A — y we have y v we 4 = y; so by (=7) and Observation 3.3, since
y v weCn(y), we have y v we 4 = (x&y) < B. Hence B U {1y} - w. But since
BeAly and we A, we also have Bu {y}w, so B-w and thus we B as
desired. [

COROLLARY 4.5. Let A be any theory, and ~ a partial meet contraction function
over A determined by a selection functiony. Then = is transitively relational over A iff
=~ satisfies both (= 7) and (- 8).

ProoF. If — satisfies (= 7) and (- 8) then, by 4.4, y* is transitively relational, so
since y* determines -, the latter is transitively relational. Conversely, if ~ is
transitively relational, then y' is transitively relational for some y’ that determines =
so, by 4.3, y’ satisfies (y7) and (y8); so, by 4.2, ~ satisfies (—7) and (=8). O

This result is the promised representation theorem for the collection of “basic”
plus “supplementary” postulates. Since this collection of postulates can be
independently motivated (cf. Gardenfors [3]), there is strong reason to focus on
transitively relational partial meet contraction functions as an ideal representation
of the intuitive process of contraction.

Note that Observation 4.4 and its corollary give us a sufficient condition for the
transitive relationality of y*, and thus of =, rather than of y itself. The question thus
arises: when can we get the latter? We shall show that in the finite case the passage
from y to = is injective, so that y = y*, where y is any selection function that
determines = . By the finite case, we mean the case where A is finite modulo Cn; that
is, where the equivalence relation defined by Cn(x) = Cn(y) partitions 4 into finitely
many cells.

OBSERVATION 4.6. Let A be any theory finite modulo Cn, and let y and y' be selection
functions for A. For every proposition x, if y(A L x) # y'(A L x), then ﬂy(A 1 x)
# (y'(4 Lx).
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SKETCH OF PROOF. Suppose B € y(4 L x), but B¢ y'(4 L x). Then clearly x € 4
and x ¢ Cn(). Since A is finite (we identify A with its quotient structure), so is B; put
b to be the conjunction of its elements. Then it is easy to check thatb € Bbut b ¢ B’
for all B'ey'(ALx). Put c=—1b v x: then it is easy to check that c¢ B
2 ﬂy(A 1 x), but c € B’ for all B’ € y'(A L x); thatis, ce ﬂy’(A 1lx). O

COROLLARY 4.7. Let A be any theory finite modulo Cn, and ~ a partial meet
contraction function over A determined by a selection function y. If = satisfies
conditions (=~ 7) and (= 8), then y is transitively relational over A.

Proor. Immediate from 4.4 and 4.6. []

We turn now to the question of the relation of condition (= 7), considered alone,
to relationality; and here the situation is rather more complex and less satisfying.
Now we have from Observation 4.2 that when = is determined by y, then if y
satisfies (y7), then — satisfies (= 7), and it is not difficult to show, by an argument
similar to that of 4.6, that:

OBSERVATION 4.8. If A is a theory finite modulo Cn, and = a partial meet
contraction function over A determined by a selection functiony, then = satisfies (= 7)
iff y satisfies (y7). Also, — satisfies (= 8) iff y satisfies (y8).

But on the other hand, even in the finite case, (y7) does not imply the relationality
of yorof ~:

OBSERVATION 4.9. There is a theory A, finite modulo Cn, with a partial meet
contraction function — over A, determined by a selection function vy, such that ~
satisfies (y7), but ~ is not relational over A.

SKETCH OF PROOF. Take the sixteen-element Boolean algebra, take an atom a, of
this algebra, and put A to be the principal filter determined by a,. This will be an
eight-element structure, lattice-isomorphic to the Boolean algebra of eight elements.
We take Cn in the natural way, putting Cn(X) = {x: \X < x}. We label the eight
elements of A asa,,...,a,, where a, is already defined, a,, a,, a; are the three atoms
of A (not of the entire Boolean algebra), a,, as, ag are the three dual atoms of 4, and
a4 is the greatest element of A (i.e. the unit of the Boolean algebra). For eachi < 7,
we write !a; for {a; € A:a; < a;}. We define y by putting y(4 L a,) = y(4 L Cn(J))
= {A} =la, as required in this limiting case, y(4 L a;) = A L a;for all j with 1 <j
< 7,and y(4 L ao) = {!a, }. Then it is easy to verify that for all a; ¢ Cn(Q), y(4 L a;)
is a nonempty subset of A L a;,so yis a selection function for 4. By considering cases
we easily verify (y7) (and thus also by 4.2 (= 7)); and by considering the role of !a, it is
easy to verify that y (and hence by 4.6, = itself) is not relational over 4. []

The question thus arises whether there is a condition on =~ or on y that is
equivalent to the relationality of — or of y respectively. We do not know of any
such condition for =, but there is one for y, of an infinitistic nature. It is convenient,
in this connection, to consider a descending series of conditions, as follows:

(¢7:0) ALx A (Vier{y(ALy)} € 9(ALx), whenever A Lx < (i, {A Ly}

(WI:N) AlxnnyALy)n--nyALly)=y(A4Lx), whenever Alxc
Aly,u-—ruAdly,foralln>1.

(37:2) AlxnyALy)nyALy,)=y(ALx), whenever AlxcAly,
vAly,.

37:1) ALxnyALly)=y(ALx),whenever A L xS A Ly.

OBSERVATION 4.10. Let A be any theory and y a selection function over A. Then y
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is relational over A iff (y7:00) is satisfied. Moreover, we have (y7:00) —
(y7:N) & (v7:2) = (y7:1) & (y7). On the other hand, (y7:1) does not imply (y7:2),
even in the finite case; although in the finite case, (y7:N) is equivalent to (y7: 00).

SKETCH OF PROOF. Writing (yR) for “y is relational over 4”, we show first that (yR)
—(y7: ). Suppose (yR), and suppose A Lx <), {41y} Suppose B
€ALxn (Vier{?(4Ly)}. We need to show that B € y(4 L x). Since B e y(4 L y;)
for alli e I, we have by relationality that B’ < Bforall B’ € A4 1 y;,foralli € I;so, by
the supposition, B’ < B for all B’ € A L x. Hence, since B € A L x, so that also x
¢ Cn(J), we have by relationality that B € y(4 L x). To show the converse (y7: )
— (yR), suppose (y7: o) holds, and define < over 24 by putting B’ < Biff there is an
x with B € y(4 L x) and B’ € A L x; we need to verify the marking off identity. The
left to right inclusion of the marking off identity is immediate. For the right to left,
suppose Be A L xandforall B’ € A L x, B’ < B. Then by the definition of <, for all
B;€{B;};e; = A L xthereisa y;withBey(4 Ly,)and B;e A L y;.Since B;e A L y,
for all B;e A L x, we have A L x =  J;c;{A L y;}, so we may apply (y7: o). But
clearly Be A L x n ﬂie,{y(A 1 y;)}. Hence by (y7:0) we have B e y(4 L x), as
desired.

The implications (y7:00) = (y7:N) = (y7:2) — (y7:1) are trivial, as is the equiva-
lence of (y7:00) to (y7:N) in the finite case. To show that (y7:2) implies the more
general (y7: N), it suffices to show that for all n > 2, (y7:n) — (y7:n + 1): this can be
done using the fact that when y,, y,s 1€ 4, ALy, ALy, ., =AL(y,&y,+1) by
Lemma 4.1.

To show that (y7:1) — (y7), recall from 4.1 that when x, y€ 4, then A L x&y
=AlxuAdly,soAlLx<c ALlx&y, and so, by (7:1),(ALx)ny(ALx&Yy)
< 9(A4 L x). Similarly (4 Ly) ny(ALx&y) < y(4Ly). Forming unions on left
and right, distributing on the left, and applying 4.1 gives us y(4 L x&y)
< y(4 L x)u y(A L y)as desired.

To show conversely that (y7) — (y7: 1), suppose (y7) is satisfied, suppose 4 L x
< A 1 y and consider the principal case that x, y € A. Then using compactness we
have y - x, so Cn(y) = Cn(x & (T1x Vv y)), so by (y7)

yALy)syALx)uydLxvy),

so ALxnyALly)sy(ALx)uyAL—x v y). The verification is then com-
pleted by showing that A L x is disjoint from y(4 L —1x v y).

Finally, to show that (y7:1) does not imply (y7:2), even in the finite case, consider
the same example as in the proof of Observation 4.9. We know from that proof that
this example satisfies (y7) and thus also (y7: 1), but that y is not relational over A, so
by earlier parts of this proof, (y7: co) fails, so by finiteness (y7: N) fails, so (y7:2) fails.
Alternatively, a direct counterinstance to (y7:2) in this example can be obtained by
putting x = a,, ¥y, = a,,and y, = a,. [

§5. Remarks on connectivity. It is natural to ask what the consequences are of
imposing connectivity as well as transitivity on the relation that determines a
selection function. Perhaps surprisingly, it turns out that in the infinite case it adds
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very little, and in the finite case nothing at all. This is the subject of the present
section.

Let A be a set of propositions and y a selection function for 4. We say that y is
connectively relational over A iff there is a relation that is connected over 24 such
that for all x ¢ Cn(), the marking off identity of §4 holds. And a partial meet
contraction function is called connectively relational iff it is determined by some
selection function that is so.

We note as a preliminary that it suffices to require connectivity over the much
smaller set U, = | ), 4{4 L x}. For suppose that < is connected over U,. Put <, to
be the restriction of < to U,;then <, willstill be connected over U,. Then put <, to
be <, U (24 — U,) x 24). Clearly <, will be connected over 24. Moreover, if <
satisfies the marking off identity, so does <.

Indeed, when < is transitive, it suffices to require connectivity on the even smaller
set U,= [ J{»(4 L x):x € A,x ¢ Cn(0)}. For here likewise we can define <, as the
restriction of < to U,,and thendefine <, tobe <, U (2* — U,) x 24). Then clearly
<, is connected over 24, and is transitive if < is transitive; and we can easily check,
using the transitivity of <, thatif < satisfies the marking off identity for y, so does
<.

OBSERVATION 5.1. Let A be any theory and = a partial meet contraction function
over A. Then - is transitively relational iff it is transitively and connectively
relational.

ProOF. Suppose that = is determined by the transitively relational selection
function y. Then by 4.2 and 4.3, — satisfies the conditions (=7) and (= 8), so the
conditions of Observation 4.4 hold and the relation < defined in its proof is
transitive and satisfies the marking off identity for y*. By the above remarks, to show
that ~ is transitively and connectively relational it suffices to show that < is
connected over the set U,,.

Let B, B € U,, and suppose B" £ B. Since B’, B € U,,, conditions (i) and (ii) of the
definition of < in the proof of 4.4 are satisfied for both B’ and B. Hence since B’ £ B
we have by (iii) that thereisan x with B, Be A L x,A -~ x < B'and A — x ¢ B.But
since A — x € B’ € A L x we have by the definition of y* that B’ € y*(4 L x), so by
the marking off identity for y*, < as verified in the proof of 4.4, since Be 4 1 x we
have B < B’ as desired. []

In the case that A is finite modulo Cn, this result can be both broadened and
sharpened: Broadened to apply to relationality in general rather than only to
transitive relationality, and sharpened to guarantee connectivity over U, of any
given relation under which the selection function y is relational, rather than merely
connectivity, as above, of a specially constructed relation under which the closure y*
of v is relational.

OBSERVATION 5.2. Let A be a theory finite modulo Cn, and let ~ be a partial meet
contraction function over A, determined by a selection function y. Suppose that v is
relational, with the relation < satisfying the marking off identity. Then < is connected
over U,.

PrOOF. Let B', Be Uy = | J,.4{A L x}. Since A is finite modulo Cn, there are b,
be AwithA L b’ = {B'}and A L b = {B}—forexample, put b to be the disjunction
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of all (up to equivalence modulo Cn) the elements a € A such that Bl a. Now
ALb&b=A1b uALb={B,B} by Observation4.1, and so since y is a
selection function, y(4 L b’ & b) is a nonempty subset of {B’, B}, which implies that
either B’ or Bisin y(A4 L b’ & b). In the former case we have B < B’, and in the latter
case we have the converse. []

COROLLARY 5.3. Let A be a theory finite modulo Cn, and let — be a partial meet
contraction function over A. Then = is relational iff it is connectively relational.

ProoOF. Immediate from 5.2. [

§6. Maxichoice contraction functions and factoring conditions on A ~ (x & y). The
first topic of this section will be a brief investigation of the consequences of the
following rather strong fullness condition:

(=F) Ifyedandy¢ A ~ x,then 1y v x € A - x, for any theory A.

From the results in Gédrdenfors [4], it follows that if ~ is a partial meet contraction
function, then this condition (there called (—6)) is equivalent with the following
condition (called (21) in Géirdenfors [4]) on partial meet revision functions:

(+F) If ye Aand y ¢ A 4 x,then 1y € A + x, for any theory A.

The strength of the condition (= F) is shown by the following simple representation
theorem:

OBSERVATION 6.1. Let ~ be any partial meet contraction function over a theory A.
Then = satisfies (—F) iff ~ is a maxichoice contraction function.

ProoF. Suppose — satisfies (= F). Suppose B, B’ € y(A 1 x) and assume for
contradiction that B # B’. There is then some v e B’ such that y¢ B. Hence
y¢ A= x and since y € A4 it follows from (=F) that 1y v xe 4 —~ x. Hence
—1yv xe B, but since ye B’ it follows that x e B’, which contradicts the
assumption that B’ e A L x. We conclude that B = B’ and hence that = is a
maxichoice contraction function.

For the converse, suppose that — is a maxichoice contraction function and
suppose that ye A and y ¢ 4 ~ x. Since A —~ x = B for some B € 4 L x, it follows
that y ¢ B. So by the definition of A L x, x € Cn(B U {y}). By the properties of the
consequence operation we conclude that Ty v x € B= A4 = x, and thus (= F) is
satisfied.

In addition to this representation theorem for maxichoice contraction functions,
we can also prove another one based on the following primeness condition.

(=Q) For all y, ze A and for all x, if y v z€ A = x, then either ye 4 ~ x or
zEA - x.

OBSERVATION 6.2. Let ~ be any partial meet contraction function over a theory A.
Then = satisfies (=~ Q) iff = is a maxichoice contraction function.

ProoF. Suppose first that — is a maxichoice function and suppose y, z € A4,
y¢A-x and z¢ A= x. Then by maximality, 4= xu {y}rx and
A=xu{z}tx,50 A~xuU{yvz}x Butsincesay ye A and y¢ A - x, we
have x ¢ Cn(), so x¢ A ~ x. Thus y v z¢ A ~ x, which shows that (=Q) is
satisfied.

For the converse, suppose that (= Q) is satisfied. By Observation 6.1, it suffices
to derive (= F). Suppose ye A and y ¢ A — x. We need to show that—1y v xe 4 ~ x.
Now (y vy)vxeCn(g),andso(yvy)vx=yv(yvx)ed = x Also
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by hypothesisy € A,andsincey ¢ A — xwehavex € 4,501y v x € A. Wecan now
apply the primeness condition (= Q) and get either ye 4 ~ xor—1y v x€ 4 = x.
By hypothesis, the former fails, so the latter holds and (= F) is verified.

With the aid of these results we shall now look at three “factoring” conditions on
the contraction of a conjunction from a theory 4. They are

Decomposition (=D). For all x and y, A~ (x&y)=A4 +~x or A~ (x&Y)
=A-=y.

Intersection (=1). Forallxand yin 4,4 ~ (x&y)=A4=-xnA~y.

Ventilation (=V). Forall xand y, A = (x&y)=A~xor A=~ (x&y)=A~y
orAd=(x&y)=A=-xnA-=y.

These bear some analogy to the very processes of maxichoice, full meet, and
partial meet contraction respectively, and the analogy is even more apparent if we
express the factoring conditions in their equivalent n-ary forms:

A=-(x, & -&x,)=A+x; forsomei<n;

A= (x, & &x,)= () {4~ x;} wheneverxy,...,x, € 4;

i<n

A= (x; & &x,)=){4~x;} forsomel, where & #1<{l,...,n}.
iel

This analogy of formulation corresponds indeed to quite close relationships
between the three kinds of contraction process, on the one hand, and the three kinds
of factorization on the other. We shall state the essential relationships first, to give a
clear overall picture, and group the proofs together afterwards.

First, the relationship between maxichoice contraction and decomposition. In [2]
it was shown that if 4 is a theory and = is a maxichoice contraction function over A4,
then decomposition is equivalent to each of (= 7) and (= 8). In the more general
context of partial meet contraction functions these equivalences between the
conditions break down, and it is decomposition (= D) that emerges as the strongest
among them:

OBSERVATION 6.3. Let A be atheory and — a partial meet contraction function over
A. Then the following conditions are equivalent:

(a) — satisfies (= D).

(b) = is a maxichoice contraction function and satisfies at least one of (=7) and
(=38).

(c) = is a maxichoice contraction function and satisfies both of (= 7) and (= 8).

(d) = satisfies (~ WD).

(e) = is a maxichoice contraction function and satisfies (- C).

Here (= WD) is the weak decomposition condition: for all x and y, 4 -~ x
CA=-x&yorA-yc A-x&y.

The relationship of full meet contraction to the intersection condition (= I)is even
more direct. This is essentially because a full meet contraction function, as defined at
the beginning of §2, is always transitively relational, and so always satisfies (= 7) and
(=8). Forsince y(4 L x) = A L x for all x ¢ Cn({), y is determined via the marking
off identity by the total relation over 24 or over { J, {4 L x}.

OBSERVATION 6.4. Let A be atheory and — a partial meet contraction function over
A. Then the following conditions are equivalent:
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(a) — satisfies (=1).

(b) ~ satisfies (—M).

(c) = is a full meet contraction function.

Here (=~ M) is the monotony condition: for all x € A,if xythen A ~x = A - y.
This result gives us a representation theorem for full meet contraction. Note, as a
point of detail, that whereas decomposition and ventilation are formulated for
arbitrary propositions x and y, the intersection and monotony conditions are
formulated under the restriction that x and y (respectively, x) are in A. For if x ¢ A,
then x&y¢ 4,50 A~ (x&y)=A whilst A ~xnA=-y=AnA-y=A-=y
# Aif ye A and y ¢ Cn().

Of the three factoring conditions, ventilation (= V) is clearly the most “general”
and the weakest. But it is still strong enough to imply the “supplementary
postulates” (= 7) and (- 8):

OBSERVATION 6.5. Let A be a theory and — a partial meet contraction function over
A. Then = satisfies (= V) iff = satisfies both (=7) and (=38).

PROOF OF OBSERVATION 6.3. We know by the chain of equivalences in §8 of [ 2] that
if = is a maxichoice contraction function then the conditions (= 7), (= 8) and (= D)
are mutually equivalent. This already shows the equivalence of (b) and (c), and also
shows that they imply (a). (d) is a trivial consequence of (a). To prove the equivalence
of (a)—(d) it remains to show that (d) implies (b).

Suppose that — satisfies (— WD). Clearly it then satisfies (= 7), so we need only
verify that — is a maxichoice function, for which it suffices by Observation 6.1 to
verify (= F); that is, that whenever ye 4 and y¢ 4 — x then 1y v x€ A = x.
Suppose for reductio ad absurdum thaty € A,y ¢ A — xand—1y v x ¢ 4 — x. Note
that this implies that x € 4. Now Cn(x) = Cn((x v y)&(x v 71y)), so by (= WD)
we have A=~ (xvy)S A=x or A~ (xv—ly)CA—x In the former case,
—lyvx¢A (x vy. But by recovery ~(xvyu{xvylkx, so

~xvyu{ybxsomyvxed=(xvy), glvmgacontradlctlon And in the
latter case, y ¢ A = (x v Ty), whereas by recovery 4 = (x v Ty)u {x v Ty} Fy,
s0 A= (xvy)u{Ty}tysoyeAd-=(xvy),again giving a contradiction.

Finally, it must be shown that (e) is equivalent with (a)—(d). First note that it
follows immediately from Observation 3.4 that (c) entails (¢). To complete the proof
we show that (e) entails (b). In the light of Observation 6.1 it suffices to show that
(= F)and (= C)together entail (= 8). To do this assume that x ¢ 4 — x & y. We want
to show that 4 ~ x&y =€ 4 ~ x. In the case when x ¢ A, this holds trivially;
so suppose that x € 4. It then follows from (= F) that —1x v (x& y) € 4 ~ x &y, so
xVyeAd=-(x&y)=A=-(Cxvy&x By (=C), A=-x&y=A=(1xVvY)
&xcA=-"1xvyorA —x&y A-=(1xv y)&x < A~ x. Since the second
case is the desired inclusion, it will suffice to show that the first case implies the
second. Suppose 4 ~ x&y < A~"1x v y. Then, since T1x v ye A ~ x& y, we
have 1x v ye A =—1x v y, so by (=4) —1x v y € Cn(J). But this means that
Cn(x&y) =Cn(x),s0 A -~ x&y = A ~ x by (=5), and we are done. []

The last part of this proof shows that for maxichoice contraction functions the
converse of Observation 3.4 also holds.

PrOOF OF OBSERVATION 6.4. Suppose first that = is a full meet contraction
function. We show that (= I)is satisfied. If x € Cn() or y € Cn(J) then the desired
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equation holds trivially. Suppose that x, y ¢ Cn(), and suppose that x, y € 4. Then
we may apply Observation 4.1 to get

A-(x&y)=N{ALx&y}=V{ALlxuvAlyl={ALx}n () {ALy}
=A=-xnNnA-+y,

so that = satisfies the intersection condition.

Trivially, intersection implies monotony. Suppose that — satisfies monotony; to
prove (c) we need to show that 4 — x = A ~ x, for which it clearly suffices to show
that A — x € A ~ x in the light of Observation 2.7. In the case x ¢ 4 this holds
trivially. In the case xe 4 we have by Observation 2.1 of [2] that 4 ~ x
= A n Cn(71x), so we need only show A ~ x = Cn(—1x). Suppose ye 4 - x.
Then by (+~M), since xe A and xFxv y, we have yed = (xv ), so
xVvyed=(xvy); so, by the postulate (=4), xv yeCn(Z), so that
y € Cn(—x) as desired. [

PROOF OF OBSERVATION 6.5. For the left to right implication, suppose — satisfies
(=V). Then (- 7) holds immediately. For (=38), let x and y be propositions and
suppose x ¢ A =~ (x & y); we need to show that 4 ~ (x & y) < A — x. In the case that
x ¢ A this holds trivially, so we suppose x € A. Now Cn(x & y) = Cn(x & (1 x Vv y)),
so by (=V) A= (x&y) is identical with one of 4 ~x, A~ (T1x Vv y) or
(A4 +x)n (A~ (T1x v y)). Inthefirst and last cases we have the desired inclusion, so
we need only show that the middle case is impossible. Now by recovery, 4 -
Cxvyu{xvylbx, so A=(Cxvy)u{xikx, s0o xed=(xVy).
But by hypothesis, x¢ 4 ~ (x& y),s0 A ~ (x& y) # A = (Tix Vv y), as desired.

The converse can be proven via the representation theorem (Observation 4.4), but
it can also be given a direct verification as follows. Suppose that — satisfies (= 7) and
(=8), and suppose that 4 ~ (x& y) # 4 ~ xand 4 = (x & y) # A =~ y; we want to
show that A ~(x&y)=A4~xn A=y By (=7) it suffices to show that
A-(x&y)S A= xn A~ y,so it suffices to show that 4 ~ (x& y) = A = x and
A~(x&y)< A~y By (=C), which we know by 3.4 to be an immediate
consequence of (= 8), we have at least one of these inclusions. So it remains to show
that under our hypotheses either inclusion implies the other. We prove one; the
other is similar.

Suppose for reductio ad absurdum that 4 ~ (x&y) = 4= x but 4 - (x&y)
& A = y. Since by hypothesis 4 ~ (x&y) # 4 ~ x,wehave A ~ x &€ A -~ (x &),
sothereisanae A ~ xwitha¢ A = (x& y).Since 4 ~ (x & y) € A =~ y, we have by
(=8) that ye A~ (x&y). Hence since a¢ A~ (x&y) we have —1yvaé¢
A~ (x&y). Hence by (=7), lyvad¢ A~x or lyva¢ A~y But since a
€ A ~ x the former alternative is impossible. And the second alternative is also
impossible, since by recovery A ~ yu {y} Fa,sothat—yvaed~y [

§7. A diagram for the implications. To end the paper, we summarize the
“implication results” of §§4 and 6 in a diagram. The conditions are as named in
previous pages with in addition (= R) and (= TR), meaning that — is relational,
respectively transitively relational, over 4, and (yR) and (yTR), meaning that y is.
(=C) is the covering condition of Observation 3.4; (yC) is its analogue y(4 L x)
= y(ALx&y)ory(4d Ly <y(4Lx&y). (= P)isthe partial antitony condition of
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3.3; and (yP) is its obvious analogue y(4A L x& y) n A L x < y(4 L x). Conditions
are understood to be formulated for an arbitrary theory A, selection function y for A,
and partial meet contraction function — over A determined by y. Arrows are of
course for implications, and conditions grouped into the same box are mutually
equivalent in the finite case. Conversely, conditions in separate boxes are known to
be nonequivalent, even for the finite case. The diagram should be read as a map of an
ordering, but not as a lattice: a “\/” alignment does not necessarily mean that the
bottom condition is equivalent to the conjunction of the other two. In some cases, it
is—for example (=~ TR) = (= 7) & (= 8) = (= V), as proven in Observations 4.5 and
6.5; and again (+~D)=(=-F)&(+8), as shown in Observation 6.3. But
(=7)&(=C) is known not to be equivalent to (= TR), and (yR) & (= TR) may
perhaps not be equivalent to (yTR). Finally, implications and nonimplications that
follow from others by transitivity have not been written into the diagram, but are left
as understood. Implications concerning connectivity from §5 have been omitted
from the diagram, to avoid overcluttering.

All the general implications (arrows) have been proven in the text, or are
immediate. The finite case equivalences issue from the injection result of Observa-
tion 4.6, and several were noted in Observation 4.10. Of the finite case non-
equivalences, a first example serving to separate (y7) from (- R) was given in
Observation 4.9, from which it follows immediately that (y7) does not in the finite
case imply (=TR). The other nonequivalences need other examples, which we
briefly sketch.

For the second example, take A4 to be the eight-element theory of Observation 4.9,
but define y as follows: In the limiting case of a,, we put y(4 L a,;) = {la,} as
required by the fact that a, € Cn(J); put (A L a) = A La;forall jwith2 <j < 7;
puty(4 L a;) = {las};and put y(A4 L a,) = {!a,,!as}. Thenit can be verified that the
partial meet contraction function — determined by y satisfies (= C), and so by
finiteness also (yC), but not (= 8) and so a fortiori not (= TR).

For the third example, take A as before, and put y(4 L a,) = {la,} as always; put
(A L a,) = {la,};and put y(4 L a;) = A L g, for all other g;. It is then easy to check
that this example satisfies (= 8) but not (= 7), and so a fortiori not (= R) and not
(=TR).

For the fourth and last example, take 4 as before, and put < to be the least
reflexive relation over 24 such that la, < la,, la, < la;, la; <la, and la; < la,.
Define y from < via the marking off identity,and put 4 ~ x = [)p(4 L x). Thenitis
easy to check that y is a selection function for 4, so that (= R) holds. But (=~ C) fails;
in particular when x = a, and y = a, we can easily verify that A ~ (x& y) £ 4 = x
and 4 ~ (x&y) € A = y. Hence, a fortiori, (= 8) and (= TR) also fail.

Added in proof. The authors have obtained two refinements: the arrow (= D)
— (= TR) of the diagram on page 528 can be strengthened to (= D) — (yTR); the
implication (y7:00)— (y7:N) of Observation 4.10 can be strengthened to an
equivalence. The former refinement is easily verified using the fact that any
maxichoice contraction function over a theory is determined by a unique selection
function over that theory. The latter refinement can be established by persistent use
of the compactness of Cn.




530 C. ALCHOURRON, P. GARDENFORS AND D. MAKINSON

Observation 4.10 so refined implies that for a theory A and selection function 7y
over A, 7is relational over A4 iff (y7:2) holds. This raises an interesting open question,
a positive answer to which would give a representation theorem for relational partial
meet contraction, complementing Corollary 4.5: Can condition (y7:2) be expressed
as a condition on the contraction operation = determined by y?

We note that a rather different approach to contraction has been developed by
Alchourrén and Makinson in On the logic of theory change: safe contraction, to
appear in Studia Logica, vol. 44 (1985), the issue dedicated to Alfred Tarski; the
relationship between the two approaches is studied by the same authors in Maps
between some different kinds of contraction function: the finite case, also to appear in
Studia Logica, vol. 44 (1985).
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