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Background Assumptions

The probability calculus is NOT the one
universally applicable logic of induction. I
am not a Bayesian.

There 1s NO universally applicable logic of
induction. There are many logics, each
specialized to the particular domains in which
they are licensed (by facts).



The Project

Investigate a larger class of inductive logics suggested by rule:

Inductive strength

deductive
[AlB] 1s defined

for propositions A, B fully by structure
drawn from a of the Boolean
Boolean algebra algebra.

Find properties common to
many logics of induction.



Pl au S ib ility of deductive definability

Hypothetico-Deductive Confirmation

Evidence E confirms
hypothesis H

if
Instance confirmation

Instance I confirms
generalization G

if
Classical definition of probability

Probability measure induced by
on algebra of proposition

Inductive defined

notions by

Induction as partial deduction.
Induction as inverse deduction.

H deductively entails E
and further (deductively expressible?)
ideas about explanation, simplicity, etc.

I is an instance of G.
Q(a) 1s an instance of (x)Q(x), etc.

All atoms of algebra are
equally probable.

Deductive

structure



Where we will end up

A No0-Go theorem for a large class of inductive logics.

A viable class of inductive

logics that are deductively e Inductive independence is generic.
definable in preferred partitions * There exist scale-free inductive logics.
and asymptotically stable * A limit theorem

(includes probability calculus).

Adapting an inductive logic to the deductive

relations between propositions is actually responsible
for many of the characteristics of inductive logics.



Deductive
Notions



Finite Boolean Algebras

Goal: Lay bare the deductive structure of ordinary sentential logic, free of
the distracting duplications: A = (AvA) = (A&A) = (Av (A&A)) = ....

All finite sets of sentences belong to one of a
one, two, three, four, ... atom Boolean algebra:

Three-atom Finitely many

algebra. propositions closed
alva alva3 a V03 under V (or), &

Atoms a,, a,, a, are the (and), ~ (negation).
logically strongest
propositions that are
not
\ / Q universally true
\ T / contradiction




Richness of Symmetries of a Boolean algebra

Cyclic permutation
of atoms a,, a,, a,
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Inductive
Notions



Deductive Definability

Inductive

Strength of support . .
conditions that invoke

[ A | B ] defined by deductive structure

= of the Boolean algebra.
for propositions A and B

A symmetry
transformation of
deductive structure does

Therefore a symmetry not change this.

transformation of deductive
structure does not change this.

Symmetries of the deductive structure
O e o o  arealsosymmetries of the inductive logic.

10



Symmetry Theorem

They are the same

[all alv a2] under relabeling of
— [38| aSV 3.9] atoms. Both are “one”

conditioned on “two.”

Generalize...

If the symmetries of the deductive structure of an N-atom
Boolean algebra are also symmetries of the inductive

structure,
then
“#” means
[AIB] — fN(#A&B ’ #A&NB ’ #NA&B) “number of
atoms.”
Plausibility [llustration
All that matters in deductive structure is Classical probability in which the
how many atoms are in each proposition atoms are the equally likely cases
and hoyv' many it shares with other #A&B #A&B
propositions. P( A|B) — —

#B ~ #A&B +#~A&B
11



Deductively Definable,
Asymptotically Stable

Inductive Logics
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Deductive definability is not enough

Dartboard

[A 82 ]
=[B1€2]

by symmetry theorem since
each of A and B has just one
atom.

Very small algebra.
Switch labels “A” as “B”.
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Disjunctive refinement adds essential inductive information

A=A VA, VA, VA,

4 atoms

B=B,vB,v ... VB3

32 atoms

(AT ]
<[BIl ]

1S now possible (depending
on the form of the function f).
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Further disjunctive refinement adds less and less inductive

information
Dartboard Al/ A = Al \% A2 V...
[ 16 atoms
B=B,vB,v ...
72 atoms
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So consider inductive logics that are:

Deductively Definable.
The rules of the inductive logic are defined
solely in terms of the deductive structure.

Asymptotically Stable under Disjunctive
Refinement.

The logic stabilizes under repeated disjunctive
refinement.

This class includes versions of:
hypothetico-deductivism,

instance confirmation,

classical approach to probability.

Learning that an outcome has
disjunctive parts might initially
affect our inductive assessments,
but it will eventually become
irrelevant--the splitting of logical
hairs.
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What 1f we refine poorly?

A=A VA,v..

16 atoms

B=B,vB,vB,VvB,

4 atoms

(Al ]
>[B| |

1S now possible (depending
on the form of the function f).

17



No-Go Theorem

The only deductively definable,

asymptotically stable inductive S
logic assigns the same strength to [fl'[]jv[gl‘; ]]
all contingent propositions. = [y v a; |l = .

PlaUSIblllty refine [bIV' . .Vb99 | blV. . .Vb99 \" 212] VS

a, to b;v...vbg, .l b.v...vb.aV a
[a,l a,v a,] vs 2zl Eegg 2|

[a,] a,v a,] ]
felihe [a1| aIV CIV' . .VC99] VS

a, (0 CyV...VCyg
[C{V...VCygl a;Vv C{V...VCqg]]
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Escape: Add Essentially Inductive Content

Select special

subset of partitions in
which symmetries of
deductive structure are
also symmetries of the
inductive logic.

Assume availability of
inductively adapted
partitions of arbitrarily
large size.

Deductively Definable.
The rules of the inductive logic are defined

solely in terms of the deductive structure
IN INDUCTIVELY ADAPTED PARTITIONS.

Asymptotically Stable under Disjunctive
Refinement.

The logic stabilizes under repeated disjunctive
refinement.

Famlhanty Classical definition of probability.
Select preferred partitions in which
atoms are equiprobable.
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The Logics are...

In inductively adapted partitions From

[AIB] = {(#A&B, #A&~B, #~A&B)  »mmew

theorem.

Each

asymptotically

stable function

f defines a [lustration

distinct lo gic. Classical probability in which the atoms are the
equally likely cases in preferred partitions.

#A&B #A&B
P(AIB) =

= #A&B + #~A&B

20



Inductive
Independence
1s (3eneric



Fact about Deductive Structure of

Very small Boolean algebra

Number of N

ropositions in = '
PropoSItor n!(N-n)!
]\ with n
atoms

Boolean Algebra

Q

i

|

2

Very big Boolean algebra

Nearly all propositions
have N/2 atoms...

...and nearly all pairs of propositions

agree on N/4 atoms.
22



For most common pairs of propositions A and B

In inductively adapted partitions

[AIB] = fy(#A&B, #A&~B, #~A&B)

[AIB]
[Al~B]

fN(N/ 4, N/ 4, N/ 4) True for most common

pairs. Very nearly true

fN(N/ 4, N/ 4, N/ 4) for most of the rest.

Therefore [A'B] = [A'NB]

Independence

Discharging the “very nearly”

in a precise proof requires a lot
of accountancy.
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Scale-Free
Inductive
Logics



A Scale-Free Inductive Logic is...

Implement as:

...1nvariant
Same value [AIB] at all scales. under
| changes of
Uniform refinements between
inductively adapted partitions. Scale.
— (aa ba C)
¥je =(a;, @y, by, by, ¢4, C,,)
Asymptotically stable inductive Scale-free inductive
logics eventually stabilize under logics are already at a
repeated disjunctive refinements. limiting stable logic.
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Theorem about Scale-Free Inductive Logics

In inductively adapted partitions
[AIB] = f(#A&B, #A&~B, #~A&B)

Family of functions fN replaced

by a single function g.

[AIB] = s(#A&B/N, #A&~B/N, #~A&B/N)

Sample Scale-Free Logics

2 e
[AIB] = "A%B by bability (aiB] = FA&B)? “Specific
#B #A#B  conditioning” logic
#A&B M(B) 1+[¥)
[AIB] = 4B where m(B) = 1+ B N Partial ignorance logic
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A Limit
Theorem

for Narrow Inductive
Logics



A Limit Theorem in the Probability Calculus

If HentallsE,E,, ..., E_,and P(H) >0

then P(En | El& EZ& .o & En-l) —

1

Finitely many successful
predictions E_ , are enough to
make us arbitrarily sure of the n-th
consequence of hypothesis H.
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A Limit Theorem

If an inductive logic is
narrow,
HentailsE,E,, ..., E ,

and [HI (] 1s not [nulll{¥

I,

Narrowness.
[AIB] = [A&BIB]

then Lim,soen [E, | E /& Ex& .. .& E, ] = certainty

It is an inductive expression of the

deductive fact:
F,=E,,
F,=E,&E,,
F,=E,&E, &E.,

has a decreasing number of atoms that

must always be greater than or equal to
those of H.

Technical complication. Taking the
limit is messy since all the algebras
considered are finite. To achieve
arbitrarily large n, we must
repeatedly expand algebra as
needed.
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Conclusions

Deductively defined inductive logics, without inductive supplement,
fail. (No-go theorem)

A viable class of inductive logics are deductively defined in preferred
partitions and asymptotically stable.

Many characteristics of inductive logics are merely inductive reflections of
facts in the deductive structures to which the logics are adapted.

.Most Inductive Conjunctions oi S
pl‘OEOSltl;I/l; - independence conseqﬁences 911 o e limi
ave is generic. are sti eorem.
atoms. consequences of
H.
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Read



www.pitt.edu/~jdnorton
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How to make a Boolean Algebra Bigger

: 7N
b,vbsvas / 1vc12vc13
disjunctive refinement 1Vb2V02/ 2V02V03

ava, aya;  ayvas a, expanded to b,v b, /' \\ / '\

/\ / \f // \b/

! 92 a3 disjunctive coarsening /’ L/
\ T / b,v b, collapsed to a, / 03\
%) b, / az
\¥ 7
2, 2,
Atoms a,, a,, a, Atoms by, b,, a,, a,

Why We can now proceed as far as we like along an unbounded
sequence of propositions A, A,, A;, A, ... without ever needing

bother? a single algebra with infinitely many propositions. 39



Symmetries of a Boolean algebra

Q
Same deductive structure if we... / T\

alvayz\ a,vas /atzva3 Tovauck TomvHar‘ry D.ckaarry
.. relabel the at
[
Al L7
Q
.. permute the at.omic TV /‘T ']‘ / \]‘
labels arbitrarily.
abels arbitrarily | \02/ | \/
VAN
Al
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Richness of Symmetries of a Boolean algebra

/ “1
oV L
o g

Represented
through simplices.

41



Bare Picture of the Deductive Structure of a Boolean Algebra

After symmetries have washed
. away surplus structure.
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Adapted Partition

Not Adapted Partition
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Familiar Examples

The Mandelbrot set is self-similar under magnification.

Images from “Fractal,” http://en.wikipedia.org/wiki/Fractal

Scale-free
network

Image from http://home.uchicago.edu/~poikonom/research.html 44



Narrowness of Conditional Probability

P(AIB) = P(A&B vA&~BI|B) = P(A&B |B)

no contribution
to conditional
probability A&B A&~B
A
For some unknown animal: ~A&B
P(canary v whale | bird) = P(canary | bird ) B o

P(canary v whale | canary) = P(canary | canary )

Isn’t there more to say? In both cases the total
evidence points more specifically to “canary.”
We discount “whale” and think “canary.”



Specific Conditioning Logic

(#A&BY?  #A&B #A&B

[AIB] = =
#A #B #B #A
alone yields penalizes A for
ordinary extending
conditional beyond total
probability evidence B

For some unknown animal:

[canary v whale | bird] < [canary | bird ]

[canary v whale | canary] < [canary | canary]

Symmetry [AIB] = [BIA] A penalized equally for extending

AdB

Ad~B

~A&B

beyond B and failing to exhaust B.
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Theorem Depends on a Fact of Deductive Structure:

Intersections

E,E, E,, ... F,=E,, F,.=E,&E,, F;=E,&E, &E,, ...
approach a limit F that is a deductive
consequence of H.

Re-express this fact in a more general inductive logic... 47



