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Background



Choice Functions

» X is a set of alternatives.
» X is the set of all finite, nonempty subsets of X.

» C: X — X is a choice function on X just in case C(Y)C Y
forall Y € X.

» The binary relation Rc¢ is defined as follows: xRcy iff
x € C(Y) for some Y € X.



Conditional Choice Functions

» X (as before)

» £ =(E,C) is a nonempty poset of information states,
partially ordered according to strength.

» C: & x X — X is a conditional choice function on X just in
case the following conditions are satisfied for all x € X,
YeXande€E:

» Cle,Y)CY
» If x € C(e, Y), then there is an f € E such that e C f and
x € C(g,Y) whenever f C g.



Example 1

> X = {(x1,x2,x3) | X1,%,x3 € N}

» E is the set of all nonempty subsets of
{(30,n,60 — n) | 0 < n < 60}.

» fCgiffg Cf.

> (x1,x2,x3) € C(e, Y) just in case there is a (n1,n2,n3) € e
such that Z?:l n;x; is at least as great as Z?:l n;y; for all
(V1,y2,y3) €Y.



Example 2

» X, &, C (as in Example 1).
> (x1,x2,x3) € D(e, Y) iff
> (x1,x2,x3) € C(e,Y),
> min{X:?:1 nix; | (ny, np,n3) € e} >
min{Z?:l niyi | (1, na, n3) € e} for all (y1,y2,y3) € C(e, Y).
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Relating Conditional and Unconditional Choice Functions



Basic Relations

» IfC:E x X — X is a conditional choice function and e € E,
then let C. be the choice function defined by Ce(Y) = C(e, Y)
forall Y e X.

» If C is a choice function on X, then let C* be the conditional
choice function defined by C*(e, Y) = C(Y) for all e € E and
YeX.



Extension of Properties

Every property P of choice functions may be extended to a
property P* of conditional choice functions as follows:

Property P*: For every e € E there is an f € E such
that e C f and Cq satisfies P for all g € E such that
fCg.

Moreover, P* generalizes P in the following sense:

Proposition

Let C be a choice function on X. Let P be a property of choice
functions. C satisfies P iff C* satisfies P*.
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Results



Preliminaries

Let C: € x X — X be a conditional choice function.

» Foreach e € E, let O = {R¢, | e C f}.
» For each e € E, define a binary relation >, on X as follows:
x ¢ y iff thereisa Y € X and an f € E such that
» eCf,
» xeC(e,Y),
» y¢C(e, Y), and
y €C(f,Y).

» Let >L be the transitive closure of ..

v

» Define Z£ by x ZL y iff not y >{ x.



R1

Property o*: For every e € E there is an f € E such
that e C f and C, satisfies o for all g € E such that
fCg.

Property 3*: For every e € E there is an f € E such
that e C f and C, satisfies 3 for all g € E such that
fCg.

Proposition

Let C be a conditional choice function that satisfies o* and 3*. If
x € C(e,Y), then there is a weak order R € O, such that xRy for
ally €Y.



R2

Property x: If x =L y, then there is no Y such that
x,y € C(e,Y).

Proposition

Let C be a conditional choice function that satisfies o*, 3*, x, and
such that £ is irreflexive for all e € E. x € C(e, Y) iff

» xcY,
» there is a weak order R € O, such that xRy for ally € Y, and

» ify € Y and, for some weak order R € O,, yRz forallz€ Y,
then it is not the case that y >t x.

Moreover, L asymmetric and transitive.



R3

Proposition
Let C be a conditional choice function that satisfies a*, 5%, x, and
such that =L is both irreflexive and negatively transitive for all
ec E. xeC(C(eY) iff
» xcY,
> there is a weak order R € O, such that xRy for all y € Y, and
» ify € Y and, for some weak order R € O, yRz for allz€ Y,
then x =L y.

Moreover, >t is a weak order.
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