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Separate distinct problems, to ‘seek the fimits and conditions
of each, and to show how illusory is the ease with which
they were thought to be solved. For such a task nothing
le'ss was needed than the fine intelligence whose premature
disappearance leaves those who have known him in such deep
regret.

ANDRE LALANDE.

INTRODUCTION

MeTHODOLOGY AND LoGIC

Logic is the-study of proofs. The best proofs are encountered
in the sciences, so that it is patural for the logician to stand
near the scientist and watch his reasonings and his methods.
But merely describing methods of proof is not enough: it is
necessary to analyze them also. Thus the 1ogiciah by this
critical method of analysis proper to his discipline, can in his
turn teach something to the scientist. He can make explicit
to him the elements and premises used confidently by the
scientist as means of proof. For the scientist may employ .
them while he is quite unaware of the conditions and causes
of their power; he may take them as simples, whnereas the
logician finds them unexpectedly complex in structure. Thus,
methodology is only one half of logic. Logic may sin by in-
sufficient attention to the proofs of science; it then works with
poor and inferior material. But it can sin equally by in-
sufficient rigour in the analysis of these proofs: that is what
has happened in the logic of induction. o

We perceive at first glance two types of induction, One
proceeds by simple enumeration of instances. It is founded
on the number of such alone, and it claims to draw conclusions
that are never more than probable. The other type, on the
contrary, proceeds by analyzing the conditions or circum-

stances. Certain of itself, it leaves everything to care, and

nothing to repetition in its search for certainty. Of these two
theories, the last alone seems to answer to the practice and
very spirit of science. A single experiment, the scientist

thinks, if improvised very carefully, can in one successful
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result bring all the certainty accessible; and to wish to build
anything whatsoever on repetition is unworthy of intelligence.

The logician generally accepts this proud thought too lightly,
He closes his mind to the possibility that things are not what
- they seem, that the appearance of a certainty obtained by the
analysis of conditions covers a probability founded on pure
and simple repetitions, that scientific induction is resolved
into a complex of enumerative inductions, and that, conse-

quently, induction-by the enumeration of instances may be the -
one which he has to justify in order to justify science.’

Dominated by the impression of power that scientific induction
produces, he does not wish to know anything less promising.
He says with Bacon: Induction by simple enumeration is a
precarious process and is exposed to the danger of contra-
dictory instances (Inductio per enumerationem simplicem pre-
cario concludit et periculo exponitur ab instantia contradictoria).

He then turns toward the pursuit of a theory of induction that
would count the repetition of instances for nothing and which,
by more noble means, would rise to certainty,

This is letting the substarice go for the sake of its shadow.
For the doctrine thus constructed does not render an exact
account of any sort of actual induction. The conditions that
it assumes are never fulfilled: and besides, they are atready
unreal from the standpoint of pure logic. By placing itself
on the grounds of certainty, by wilfully i ignoring the influence
of repetition, the theory of mductlon terminates in complete
check.

It might be considered surprising that some doubts did not
appear sooner. But these doubts, arriving too late and lacking
in force against a prejudice decked in the prestige of science,
are often replaced by an additional error. It is felt clearly
that the theory isnot applicable, that it is necessary to diminish
some of the power it claims to confer on induction. It is then

said: certain in theory, induction is only probable in practice;
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and enough is thought to have been conceded. But in truth,
if real inductions do not fulfil the conditions that would make
them certain in theory, it follows that they are not certain at
all; but by no means does it follow that they remain somewhat
probable, or very probable, or extremely probable. If -
certainty is lacking altogether, the very possibility of prob-
ability remains to be establisﬁed, and the whole theory of
induction must be done over, '

We propose in this work to confirm this principle and to
study its consequences. We shall try to establish the logical
problem of induction on its intended ground, that of proba-

- bility. We shall pursue the solution of the problem, but we

cannot admit having reached it. All that we can hope is to
contribute to it, if only by showing how obscure the problem
rémains: obscure to the point that nobody has ever succeeded
in proving or even stating principles capable of fully justifying
induction under the conditions by which it operates. _‘
There will be some discussion of the recent work of Mr. John
Maynard Keynes, A Treatise on Probability. We shall attack
his fundamental conception of the mechanism of induction
and the proof of one or two of his essential theorems. But
the value of the theorem which he has really and properly
proved should only appear all the more forcibly. We regard

. it as the most important result yet possessed ; and since we are

to criticize Mr. Keynes several times, let us say here that in
our opinion, no author since Mill has advanced the theory of

induction as much as he,



PRELIMINARY NOTIONS

IT is useful, first of all, to determine certain notions and
certain principles exactly. '

Certain and probable inference.—What is induction ? In-
duction is a species of inference: but it must be stated that an
inference has no need of being certain, in order to be legitimate
and rigorous in its way. We first regard inference as the
perception of a connection between the premises and con-
clusion which asserts that the conclusion is true if the premises
are true. This connection is implication, and we shall say
that an inference grounded in it is a cerfain inference. But

there are weaker connections which are also the basis of in-
ferences. They have not until recently received any universal
name. Let ns call them with Mr. Keynes relations of proba-
bility (A Treatise om Probability, London, 1921, ch.i). The
presence of one of these relations among the group A of pro-
positions and the proposition B indicates tlat in the apsence
of any other information, if A is true, B is probable to a degree
#. A is still a group of premises, B is still a conclusion, and
the perception of such a relation between A and B is still an
inference: let us call this second kind of inference probable
inference. .

Certain and probable premises; general definition of in-
ference,—These terms ‘certain inference ” and * probéble
inference ” “undoubtedly lend themselves to equivocation.
But we have no better terms and it will suffice to explain
them. ‘ '

First of all, probable inference says that in the absence of

any other information, the truth of its premises renders its
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" conclusion probable to a degree p. It then says less than
what is claimed by certain inference, as we have just called

it; but it says it with as complete certainty. It does

not conclude én a probable manner, but it reaches a probable
conclusion in as certain a manner as the other reaches its
coficlusion,

We have so far considered only premises that are certain.
But any inference which yields something, starting from
premises taken as cértain, still yields something starting from

premises taken only as probable, and this holds for both types -

of inferences, certain and probable. We can even assert that
starting from premises which, taken together have a proba-
bility 4, a certain inference will confer on its conclusion the
same probability p: and a probable inference, which would
confer on its conclusion the probability ¢ if its premises were
certain, will confer on its conclusion the probability $g. .

It can therefore be said that certain inference transfers to its
conclusion the totality of the certainty or probability of its
premises taken together, and that probable inference transfers
to the conclusion 2 part of its certainty. Inferencein general
will be defined as an operation which transports to its con-
clusion either the totality or part of the certainty or probability
of its premises; it is only in this wide sense that it is legitimate
to postulate that induction is an inference, Notice that the
conclusion of an inference extracts at most no more certainty
or probability than is equal to the conjunction of its premises,
consequently, no more than any one of them, and in particular,
no more than the most uncertain among them. This very
evident truth will be very useful to us.

Definition of induetion.—What sort of inference isinduction ?
Tt is defined in current times by the logical form of its premises
and its conclusion by saying that is a passage from the in-
dividual to the universal,
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At the beginning of an induction, then, beside premises having
any contents and forms wnatsoever not all of which are known,
there are propositions about a certain class A of individuals
or species, without assuming that the members under con-
sideration exhaust the totality of the class A (for perfect
induction does not concern us here). And in addition to this,
the induction terminates in a proposition about all the members
or else only about any member of this class. 'We shall return to ‘

this distinction in a moment.

Inductions about the relations of charaeters.—The extremely
general term °‘ proposition ” includes mainly those pro-
positions which refer to those secondary characters arising
from the relations of characters—such as the fact, regarding a
man, of having two eyes of different colours, or else of having

a weight in kilogrammes equal to the number of centimetres
his height exceeds a metre,

Let A be the character hypothecated by an 1nduct1ve law.
The character found in the conclusion often occurs m the
following form: Let & and ¢ be the classes ot characters B,
By ...B, ...and G, Gy ... Gy —for example
b and ¢ may stand for temperature and densﬂ:y respectively,
the ** values” B, C being the different temperatures and
different densities. Lastly, let R be a relation joining a C to
each B. The character that induction attaches to the character
A consists often of a certain relation R hetween the character
of the class b and the character of the class ¢ which accompanies
the character A: thus the chemical composition of a body
determines, not its density or its temperature, but only a
relation R between the two, one of which remains a certain
function of the other. ‘

These functional laws are the objects of scientific inquiry,
and are distributed elsewhere. Does not their particular

form have any influence on the mechanism and logical principles
I4
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of the inductions which they establish ? This is a problem

we would not dare to probe.*

" But no such form appears up to the point where this work
stops. Therefore, everything which follows should be under-
stood indifferently as induction about characters or about the
relations of characters.

Inductions about classes of individuals and induetions about

classes of classes,.—We must notice in the first place that every
functional law assumes the appearance of a law bearing on the
classes of a class, rather than on the individuals of a class. In
fact, let B, and C,, B, and C,, . . . B, and C,, . . . be the
characters b and ¢ associated by the relation R. The law
linking to the character S the relation R of the characters &
and ¢ links C, to AB,,C, to AB,, . . . C,to AB,, . . . Itis
therefore a bundle of laws fixing the characters ¢ of the classes
AB,, AB,, . . . AB, . . . of the class A. -

But it has been thought that we should, besides, reserve in
the previous definition the possibility of inductions operating
directly with classes of classes just like other inductions dealing
with classes of individuals. Indeed, a number—the number
two, for instance—is a class—the class of couples—such that
any arithmetical induction by verification of a formula for
various numbers has as its immediate domain, not the in-
dividuals of a class, but in truth the classes of a class.

* It is in this way that induction about the relations of characters
raises directly the problem of the connection of simplicity with prob-
ability. In fact, the relations connecting the members, {aken two at
a time, of even two series of given characters {e.g. the curves passing
through a given collection of points) are multitndinous. Anyinduction
in this domain supposes the choice of the simplest relationships. This
choice is often explained by the psychological reason that the simplest
is the most convenient. But to make induction valid, the choice must
be justified.” Psychology does not do so; for who can assure us that
the most convenient formula of what we are familiar with, will be
found to be the most probable formula of what is unknown to us?
This is a problem of the greatest logical difficulty. For we do not
know perhaps with enough clarity what probability is, nor what the
simplicity of a formula is: we can define simplicity differently from
several points of view. But none of these assuredly must reduce itself
to what is most flattering to the laziness of our minds.

PRELIMINARY NOTIONS 211

The distinction between classes of classes and classes of in-
dividuals might very well make a difference to the logical
theory of induction. But we shall not reach the point where
this distinction makes itself felt, so that the substance of this
study appears to us applicable indifferently -to classes of _
particulars or to classes of classes. :

Inductions from THESE to ALL and from THESE to ANY.—
We must distinguish two forms that the conclusion of an in-
duction may take with respect to allor any of the A’s, Despite
Stuart Mill's inference from particular to particular, these two

‘forms have not been carefully discerned. This is because,

remaining confounded in the domain of certainty, they are not
separated until they appear in the domain of probability. In
fact, if it is certain that any of the A’s are B, it is certain that

~ all the A’s are B, and vice versa, so that these two forms all

and any differ only verbally here. But when we have to do
with a conclusion that is only probable, a hierarchy and even
independence between a/l and any appear. Ifit is probable that
all the A’s are B, it is even more probable that any A is B, for
then we have only one risk instead of several. On the other
hand, when it is-probable that any A is B, it may at the same
time be improbable and even impossible that all the A’s are B.
This is what happens when it is certair. or probable that there
is, for instance, only one A out of a thousand that is not B.
We must then, in the general study of induction, distinguish
conclusions about ¢ll from conclusions about any, these last
always being the more probable, sometimes the only probable
ones.

Primary and secondary inductions,—We bave said little about
the premises of an induction. The conclusion referring to all
the members or to any of the members of a class A, the
premises should be comprised of particular propositions having
as subjects members of A which are not all its members, so far
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as our knowledge goes. But nothing is said here about the
other premises which must be taken together with these in
order to obtain a valid inference. According to the form of
these other premises, the force of induction arises possibly in
~ several ways. Hence it is not necessary to assume as a
principle that induction is a linear process and is analyzable in
only one way. :

In particular, suppose that an induction has aniong its
premises the conclusion of another induction. We shall call
it then ansecondary tnduclion. Rrimary inductions are those
whose premises do not derive their certainty or probability from
any induction.

It is possible that there are general modes of induction
which, because of the premises they require, can only operate
in secondary inductions. It may be that these modes are in

themselves the most certain; that is to say, that they transmit -

to their conclusions a greater share of the cerfainty or prob-
ability of their premises than the modes of primary induction.
But we cannot repeat too often that this intrinsic superiority
is vain. For as a matter of fact, the probability conferred by
an inference, of any sort, upon its conclusion is at most equal
to that of the least probable of its premises. The probability
supplied by any indyction whatsoever cannot exceed the

- highest probability that a primary induction can yield. That
is why primary induction should be analyzed before any other.
For it is not only the logical foundation of induction, but it
also marks the limit of all inductive assurance.

Mill’s doctrine offers an excellent illustration of this same
hierarchy of primary and secondary induction and of his
misunderstanding of it. Mill thought he was presenting a very
powerful method of induction. But this method is of the
secondary mode because it requires as a premise the law of
causality, which according to Mill is only an inductive general-
ization obtained by the lower and primary method of simple
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enumeration. If Mill’s object were not merely the description
of scientific inductions, but their analysis and the discovery of
the principles which underlie them, why did he not make a
profounder study of simple enumeration which in the end is
the basis of his whole structure ? Strange to note, he himself
turned away from it. Simple enumeration a'ppeaied to him
as primitive, prehistoric reasoning. But when he has to build
on it, he assumes not only that it yields probability, but besides,
a probability which -approaches certainty indefinitely in the
degree to which instances aré'multiplied; and this considerable
postulate inspires hardly any doubt or curiosity in the most
noted logicians of induction. And Mili has no socner based
his doctrine on simple enumeration, than he forgets it. He
then seems to consider induction by simple enumeration as
lacking in force, and to put all his faith in scientific induction.
The method of induction, which is the basis of his logical theory,
is seen oniy as an historical tradition, and he thinks himself
free to distrust it as Bacon had done.

This place in Mill’s doctrine has often been criticized. But,
strangely enough, critics have not seen the real point of Mill’s
error, Mill might have been reproached for not realizing the
mode of the primary induction which is required as the premise
of the secondary induction with which he is so much con-
cerned because of its praiseworthy results, But instead of
that, he is most often reproached for making the law of
causality itself based on induction. This is the objection
which has become classically attached to his theory. And
thus, discussion of this particular opinion of Mill has not made
visible the exact nature of the lacuna in his system moreover

. it is simply a lacuna, and not a contradiction or a vicious

circle. _

That is why logicians who came after him and rejected
Mill’s theory did not guard against another form of the same
insufficiency in their inductive demonstration. This consists
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of requiring of the primary mode of induction which is dis-

paraged and neglected, no longer, it is true, the law of causality,

but some other premise which is less universal and yet necessary
for the application of the mode of induction that is admitted.

In fact, it is often estimated that it is not enough, .in the
practice of scientific induction to start with the principle that

the effect studied has a cause, but that it is also necessary to
have already some idea of the nature of this cause in order to
eliminate from the very' start a muititude of circumstances,
observed as well as unperceived, so that we can be limited to
the systematic examination of a few hypotheses. This prior
limiting determinable, however, can only be viewed as an
analogy derived from causes already known of effects of the
same sort. We thus come back by a detour to Mill’s general
position which requires for the premise of scientific induction
the mass of previous common knowledge, itself due to some
pre-scientific mode of induction. And, like Mill again, we
do not wish to see that the priovity thus conceded to tais
primary mode is a very nice case of irrevocable logic. At
present, the tendency is to present primary induction as solely
historical and not concerned with pure logic. As a result,
the elementary methodological distinction between the primary
and secondary modes of induction isnot atalla current fashion.
‘Is not this a sign that thinking on this question has not been
sufficiently clear ?

_ On the other hand, once we have recognized this simple
distinction, we can no longer afford to neglect it. Every
analysis and theory of the principles of induction becomes
governed by the rule which makes the source and limit of the

_probability or certainty of induction in general depend on the
probability or certainty of primary induction.

‘ Probability and certainty.—Probability is differenf from
certainty not only in degree, but in nature. For certainty is
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absolute and probability is relative. 1f I have judged a pro-
position to be certain—certain and not only infinitely probable
—no new information can ever make it doubtful again, unless
my judgment of its certainty was false in the first place. On
the contrary, if 1 have judged a proposition to have some
given degree of probability, some new information may make
it more or less probable than it was; but I was not mistaken
in the first plaée because of that. The probability of any
proposition whatsoever is then relative to such and such a
group of evidence, or else to employ the precisé language of
Mr. Keynes, it is a relation of this proposition to this group*

Common sense has never ignored the distinction; for it be-
lieves that the actual realization of an improbable prediction
cannot justify it as more than an improbable event, and that
chance cannot contradict rational certainty. But the logicians
of induction have not always remembered this.

And has not this forgotten point been the source of the sus-
picion which, since Bacon, has almost invariably been attached
to induction by simple enumeration ? It was not satisfactory
enough to say that this form of induction without analysis
yields only a probability. The very reality of this modest
result has been subjected to doubt. It seems that there is
nothing convincing about simple enumeration and that it
dissipates in absurdities. If induction by simple enumeration
were valid, would it not be necessary to believe that the more
one has lived, the less chances one has of dying ?  (Cf. Keynes,
ibid.,ch. xxi.) And so this mode of induction is traditionally
accused, not of concluding in a probable way, which would be

* A Treatise on Probability, ch. 1. Perhaps the guestion is, however,
_a little more complex: is there actually no intrinsic probability by
which a proposition recommends itsclf more or less to the mind without
being related to any of the other opinions which happen to be given ?-
This probability would then be as direct and immediate as certainty;
there would only be a difference of degree. We do not see any reason
for not admitting it, and it might be given the name of plaushility in
order to distinguish it from the probability-relation. But the latter
alone is produced by reasoning and more particularly by induction.
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true, but of concluding in a very doubtful way, which would be
tantamount to not concluding at all. '

Now all the paradoxes that this kind of induction seems to
give birth to, disappear or lose their astonishing character as
soon as we remember that probability is relative. In the first
place, as a matter of fact, the occurrence of a single contrary
event does not prove that a prediction founded on numerous
instances was not very probable, or even infinitely probable:
it proves only that this prediction was not certain. In the
second place, if a prediction is probable, according to the
principle of simple enumetation, when it is brought to a situa-
tion composed uniquely of numerous favourable instances, it
is not longer probable by relation to a situation which com-
prises additional external facts making this prediction im-
possible or very improbable. The two sources of paradoex
thus disappear; for it is no longer astonishing that a probable
prediction is later invalidated, and secondly, that a prediction
which is known to be erroneous is not rendered probable by
arguments which would make it suck in the absence of such
knowledge. . _

The perception of this principle that probability is a relation,
not a quality of propositions, takes away from probability
what appeared to be its fleeting and provisional character. It
makes probability a fact as rigorous as implication, for instance.
The propositions that a given group of propositions renders
probable to a degree p are as determinate as the propositions
that this same group renders certain, and theSr are sometimes
as difficult to discover, '

But the relative character of probability, while it solidly.

assures its existence against-the doubts suggested by the first
view, introduces a profound difference between probability and
certainty, and makes it more difficult to compare them.
Thus, it is commonly said that probability by increasing tends
to approach certainty as a limit. But that is not true,

-
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rigorously speaking. In fact, it would then be necessary for
infinite probability to be certainty. This identity is accepted
in current discussions. But it is not exact ; for there is nothing
in the increase of probability, even carried to infinity, which
renders this probability less relative to given information, less
alterable by some new information : 2 relativity which separates
it infinitely from certainty. The probability that an unknown
number is not 1324 is infinite and we cannot conceive of 2
greater probability. Nevertheless, it is enormously different
from certainty. For it is relative to a state of information
in which the unknown number can have one value as well
as any other. 1If we learn that there is a probability $, how-
ever small, that the true value of the number is under 10,000,
the value 1324 in the light of this fact immediately acquires
the finite probability of one-tenthousandth of p; and if we are
informed that ‘the first three ciphers are I, 3, and 2, this

. probability becomes relatively to the niew information equal to

1/10. A probability can be infinite but that will by no
means make it more absolute. In short, probability is never
identical with certainty. Are they at any time equivalent ?
This is a difficult question, for a probability, even when in-
finité, allows some chance: the unknown number may be all
the while 1324. This chance is undoubtedly negligible; it is
very tiny or as small as possible; but it is not nothing, since the
chance does exist. As to saying that it is infinitely small, that
has no meaning. In fact, the expression can only be applied
to a function, and it means that for any value g, there exists
a value of the variable or variables making the function smaller
than «. But applied to a particular value such as that of the
chance subsisting under determinate conditions, the expression
infinitely small is a piece of nonsense. The difference between
infinite probability and certainty is then a troublesome con-
cept. We shall, in the course of this work, have occasion to
say in conformity with usage that a probability approaches or
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tends towards certainty: let it be quite specific that we shall
thereby understand simply that it approaches the highest
probability conceivable.

Limitation of this work to induetions from THESE to ALL.—
Inference then is the transition to a conclusion of all or part
of the certainty of the premises, and induction is an inference
whose conclusion refers either to all or to any of the members
of a class A, Also, certain premises refer to such members of
A which (since we are not concerned with perfect induction,
so called) are not totally known; we propose to investigate
the logical principles of induction, that is to say, the other
premises which reason declares to be necessary for all induc-
tions.

In this investigation, we shall seek especially those principles
of induction which do not logically presuppose any other in-
* duction and which we have called primary: for their principles
comprehend all inductive reasoning, just as their power
limits it. ,

We shall limit this study to inductions which conclude about
all. It may be doubted whether they are simpler than in-
ductions about any. But, because the former have alone
been studied until now, they appear to be more easily analyz-
able. Anyway, in our opinion, the difficulties in primary
induction have not been appreciated, and perhaps it would be
better after all not to begin with these mistakes (cf. Keynes,
ibid., p. 259). It would then be-necessary to stay still further
away from known theories and to proceed in an entirely new
spirit. But we are not going to start in that way beforc we
have been convinced that there remains no other.

HYPOTHESIS CONCERNING THE TWO ELEMENTARY
RELATIONS OF A FACT TO A LAW

Confirmation, Invalidation.

CoNsIDER the formula or the taw: A enfails B.* How can a
particular proposition, or more briefly, a fact, affect its prob-
ability 7 If this fact consists of the presence of B in a case
of A, it is favourable to the law *‘ A enfails B " ; on the cou-
trary, if it consists of the absence of B in a case of A, it is
unfavourable to this law. It is conceivable that we have here
the only two direct modes in which a fact can influence the
probability of a law. Given the hypothesis, either a fact
realizes the conclusion and lends support to the law, or else
it does not realize the conclusion and refuses to support the
law: such would be the ultimate effects of the inductive
process. . A fact which consists of anything but the presence
or absence of B in a case of A cannot then act directly on the
probability of the law A entails B. But, once it consists of the
presence or absence of N in an instance of M, it would act on
the probability of the law M enfails N either to strengthen or
to weaken it. Where a fact does have an effect, it would
influence the probability of the law A entails B, thanks to the
relation of the probabilities of two laws, in the case where
such a relation, favourable or contrary, is posited by some
premise. Thus, the entire influence of particular truths or
facts on the probability of universal propositions or laws
would operate by means of these two elementary relations
which we shall call confirmation and iuvalidation.
This hypothesis cannot claim the force of an axiom. But

* " A entraine B’ is translated Lereafter as ‘“ 4 enfails B,"” for
the relation between the causal character A and the effect B is inde-
terminate. *‘ A involves B’ might also convey the sepse.—Tr.

219
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it offers itself so naturally and introduces such great simplicity,
that reason welcomes it without feeling any imposition. We
have not seen it stated in any explicit manner. However, we
do not think that anything ever written on induction is incom-
patible with it.*

We may take this principle, therefore, for our guide.

Theoretical advantage of invalidation over confirmation,—
The confirmation which a favourable case lends to a law and
the invalidation which a contrary instance produces do not
have the same value. A favourable case increases more or
less the probability of a law, whereas a contrary case annihilates
it entirely. Confirmation supplies only a probability; in-
validation on the contrary, creates a certainty. Confirmation
is only favourable, while invalidation is fatal.

Of the two elementary operations of facts on laws, the
negative effect is therefore alone certain. By that very con-
sideration, it becomes also the more accurate and clearer
operation. Indeed, confirmation through a favourable case

" presents two difficulties which do not exist for invalidation by
a contrary case. In the first place, the very reality of this con-
firmation is doubted when the case which is to bring it about
reproduces identically a case already used; for it is a widely
accepted opinion that two verifications which are identical in
all respects count only as one. In the second place, one-
wonders how it is possible to measure this confirmation when
it does exist, and one does not know what answer to make,
The corroborative action of a favourable instance therefore
appears enveloped in a kind of mist, whereas the effect of a con-
trary instance seems to be aslimpid and intelligible as it is fatal.

* One might think of induction by concomitant variations as not being
induction by confirmation or invalidation. But that cannot be main-
tained. 1In fact, what is called thus consists of an ordinary induction
which renders certain or probable the law: ** A variation of A entails
a variation of B,” and also of a deductive transition of this law to the
following: “ The eliminafion of B entails the glimination of A,’? that

is to say, 4 entails B, by the aid of a so-called rational principle (which
no mathematician, however, would regard as serious).
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* That is why, by virtue of its love of lucidity and certainty,
the mind inclines without deliberation to a theory of induction
based uniquely on the infirmative action of experjence. In
fact, an induction can conclude with certainty only on the
condition that it does not utilize anything but the elementary
operations of invalidation. Experience, in the matter of laws, -
having only the prerogative of denying, can attain as much
assurance as it likes only when it affirms by negation.
Secondly, this negative action of facts on the probability of
laws is the only one which the mind understands clearly from
the very first. To base itself solely on negation, is therefore
to preserve the hope of conceiving a demonstrative induction,

‘and this also means to satisfy reason.’

This propensity of the mind appears to be linked to two
opinions which are, so to épeak, universal. According to one,
induction must be certain in principle in order to be probable
in practice. According to the other, the favourable instances
or verifications of a law do not corroborate it by reason of

- their mumber, but only by virtue of their variety; the latter

alone can appeal to reason. For in order to have an induction
certain in principle, it must rest on operations of negation.
And if the variety alone of favourable cases has ar effect, and
not their great number, is it not because these cases themselves
cotroborate only by excluding mere repetition? Thus the
confirmation that the instances of a law appear to lend it
directly would itself be indirect and negative in essence. The
outcome of induction would reduce itself to the invalidation
of possible laws by contrary cases.

Such seems to be the spirit of nearly all that has been written
on induction. Sometimes this principle is openly avowed,
often it is tacitly assumed, but in every case it directs thinking
in the subject, and there is no denying that reason favours it.
Let us then postulate it expressly-and see where it leads.
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The mechanism of induction by invalidation : elimination.—

When we ask facts only to invalidate laws, it is necessary for
a certain law to be confirmed. Several pessible laws must
then be found related in such a manner that the rejection of
some of them favours those which remain. This mechanism
is called in logic * elimination.”

But elimination may be either partial or complete.

1f at least one of a group of propositions is true, elimination
is complete when all these propositions except one are
eliminated. The one that remains is then certain, without
any need of knowing what the initial probabilities of the
propositions at first were, nor the manner in which the rejection
of the first, of the second, of the third, . . . has increased

the probability of each of the remaining ones, until finally, the .

rejection of the next to the last had made the last cerfain,
This final result of complete elimination does not depend on
such a calculation. o

On the other hand, elimination is partial so long as there
remain several propositions not invalidated. " In order to
determine the value to which the probability of one of them
amounts to, we must then know the initial probabilities, and
we must besides suppose that the relations of the probabilities
of the propositions that are not invalidated remain what they
were at the beginning, If we make this assumption, the initial
probability of the invalidated propositions is distributed 'aniong
the remaining ones in proportion to the initial probabilities of
the latter. '

In order for induction by invalidation to operate, the con-

ditions necessary for elimination must be present. The first
222
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"of these conditions is a premise positing as true at least one

of the possible laws of a certain group. If the facts furnish
means of complete elimination in this group, this condition is
sufficient. On the contrary, if elimination remains partial,
it is indispensable, for the evaluation of the favour enjoyed by
one of the réma_ining possible laws, to know the relation of the

probabilities of these laws.

-The assumption of determinism for any given character.— -
We must first obtain the general premise of all induction by
elimination. How is it possible to form a group of laws, at
least one of which is true? We can see only one way, and
that is by assuming determinism. Given a character A, we
postulate that any case of A is a case of some other character X
every case of which is a case of 4, or more briefly, that the
character A cannot be produced without a cause. (By a cause,
we mean any sufficient condition. By character we mean
any property, whether it is a relation or an attribute, consisting
of the existence of an antecedent or of a consequent of a
specific kind. Besides, it would not be sufficient to postulate
merely that there is some character X every case of which is
a case of A, or that there is some cause producing A; for A
might as well be produced without a cause, so that one would
never be sure of finding in every cause of A some case of A.

.Now, that is just what is required, as we shall see.) We

express this assumption by saying that the character A is
delermined.

Henceforth, every case of the character A furnishes a group
of possible laws at least one of which is true. For if we
designate by « the class of characters other than A belonging
to the considered case, there must be at least one character
of this class which enfails A. The primary condition of induc-
tion by elimination used in favour of a law X entails A is there-
fore fulfilled if we suppose that the character A is determined.
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This presupposition may, moreover, be made more restricted.
We can, in fact, limit the nature of the characters capable of

enfailing A. Thus, we can suppose that when A is a character -

of events it is determined in each one of its occurrences by past
circumstances, or more particularly, by the immediate past
and by what is immediately adjacent in space. Such is un-
doubtedly the limit of what we can think of postulating «
priovi, that is to say, in a primary induction. But in induc-
tions which are relative to effects of a type already known,
agreement is more common. In any case, these ulterior
limitations furnished by our present knowledge are founded
on analogy and hence cannot be certain. '

Induction by elimination requires a deterministie assump-
tion.—The determinism of the consequent character or effect
is an indispensable premise of all induction by elimination
operating in favour of a law joining two characters. This
determinism constitutes the very nerve of reasoning, the lever
by which the rejection of certain possibilities redounds to those
which remain. Here we have a proposition which can hardly
be contested.*

Range of this assumption.—There is, however, room for
making three observations.

Although the majority of authors are ready to admit that

induction in general rests on a deterministic Principle, we have
" just established determinism only in connection with induction
by elimination, whose mainspring is the invalidation of laws
by contrary cases. It may be that the same thing is true of all

* Mr. Keynes appears to be among the authors who do not admit
this deterministic postulate. In fact, Mr. Keynes thinks he can demon-
strate that induction by the accumulation of instances can confer on a
law a probability higher than the initial probability of determinism
itself. ~Hence, determinism cannot be a premise of this induction.
However, Mr. Keynes maintains that this induction is based on the
principle of elimination. Therefore, he simply does not recognize
that elimination presupposes determinism as a postulate, and cannot
consequently confer a probability exceeding that of its premise.
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induction. But what we have just said cannot in any way be
an argument in favour of this extension of the principle of
determinism.

In addition, since induction by elimination is concerned -
with establishing a law of the form X enmfails A, it is not
universal determinism, but only the determinism of the
character A. For by furnishing for each case of A a class of
characters, one or the other of which entails A, the deter-
minism of A yields all that is required for an inquiry by

 elimination. And were A the only determined character in

the world, the establishment of X enfuils A by the elimina-
tion of the rest of a group of possible laws would not be
affected. ,

Lastly, if the determinism of the character A is the principle
by virtue of which the invalidation of the law Y enfails A
favours the law X eniails A, where X and Y are two characters
observed in a same case of A; if, in other terms, the deter-
minism of the character A is the backbone of the establishment
of a law about the producfion of A, that should not be under-
stood to imply that this procedure by elimination demands
the certainty of this determinism. a

For if any reasoning whatsoever confers on its conclusion
the degree # of probability or certainty by supposing as certain
the premise A, this same reasoning confers on its conclusion
a degree r' of probability, weaker but not null, when we
suppose this same premise A to be only probable to a degree s,
Any argument which is favourable to a conclusion when its
premise is certain is still favourable te it, although with less
strength, when this premise is only probable. This is an
incontestable axiom. '

In fact, if it is no longer certain, but only probable to-a degree
s that at least one of the propositions of a given class is true,
elimination operates again as before: it ecollects at each step

for the benefit of the subsisting alternatives the initial capital
15
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of certainty or probability, until at last this capital falls entirely
to the last one. .

Suppose then that it is no longer certain but only probable
to a degree s that the character A cannot be.produced without
a cause (or without a cause of a'certain sortj and let « be the

class of characters which accompany A in a given individual |

case. The observation of one of these characters in the
absence of A increases again the probability that some one of
the remaining ones entails A; and the elimination of all save
one makes equal to s the probability that the last, X, entails
A.  For we can say at this point: either the character A has
been produced in the given case without a cause {or without
a cause of the suppbsed sort), or else X cayses A; now there is
a probability s that the first side of this alternative is false,
consequently that the second is true.

It is then inaccurate to say that the certainty of the deter-
minism of the character whose cause is sought, is a necessary
prerequisite of induction by elimination. The probability of
this determinism ts sufficient. As slight as it may be, induction
by elimination has some force and renders more probable the

law in favour of which it operates. .The general nature of

inference demands this. For it posits that the degradation
of a certain premise to a probable premise lessens the force of
an argument without destroying it,

 However, this same nature of inference postulates as the
limit of the probability that induction by elimination can con-
fer on a law of the form X enfails A, the probability of the
determinism of A. For an argument can convey to its con-
clusion only a probability at most equal to that of its least
certain premise.* It then remains true that induction by

* Anyway, the probability to consider is not the one that admits
a cause for A in gil éls eccurrences, but the one that admits a cause in
any one of tis occurrences: for what is important is the probability of
the presence of a single cause in the individual occurrence of A
which furnishes the list of possible causes on which elimination is
operatis
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elimination cannot reach certainty or approach it indefinitely
unless the determinism of the character whose cause is sought
is certain or infinitely probable.

Such is the meaning, which is, moreover, simply in con-
formity with logic, of determinism as a premise of induction
by elimination.

The other conditions of induction by elimination.—Let A
be a character that is determined (or that is determined by
some characters of a certain kind). What more is necessary
for induction by elimination to operate in favour of a law of
the form X enmtails A? It is still necessary to form the list
of characters (or of the characters of that kind) accompanying
A in a given individual case. Finally it is necessary that the
facts eliminate all the characters of this list except the character
X. Thelaw X entails A is rendered certain when these three
super-premises are certain; and consequently when one or the
other of these premises is only probable, the law is rendered
probable to the same degree as their group. Such are the
conditions and the power of complete induction by elimination. -
We see that this sort of induction is an inference that is
certain, in the sense defined at the beginming.

When the second or third condition is not fulfilled, there
subsist alongside of X other characters that are not eliminated,
and elimination remains partial or incomplete. By coming
under the general hypothesis according to which, with each
elimination of a character, the chances of the remaining
characters retain their relationship, the probability conferred
on the law X entails A by the elimination of enly some of the

-concurrent laws depends on the initial probabilities of this law

and of the remaining laws. . So long as these probabilities are
not known, we do not know which one is conferred by partial
elimination upon the law X enfails A ; every conjecture about
this law is a conjecture about the others. The use of partié.l
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elimination does not require the knowledge of all the characters
which can be the cause of A in any given particular case. On
the contrary, it requires the knowledge of the initial prob-
abilities of the characters that are being considered. This
condition ought not to be forgotten.

We now know the conditions of induction by elimination, no
matter whether it is complete or partial. Let us see if the
universe fuifils them.

A.—INnsTaNCES COMPLETELY KNowN

Let us first examine instances of induction by complete

elimination. We are given a character A that is determined,

and the list of the characters accompanying.A in a given case
that are capable of being its cause. It seems that the elimina-
tion of all but one of these characters is henceforth merely a
question of skill or success. Buton the otherhand, it may have
to face an impossibility that is altogether rational in nature.

Plurality of causes,—Suppose, in fact, that among the
characters present with A in the given case and capable of
being its cause, we find more than one which invariably accom-

panies A, This is possible because the postulate of the deter-

" minism of A says simply that there is af Jeast one of these
characters entailing A. Let X and Z be two among the'se,
each entaililig A. It is then impossible to establish by com-
plete elimination any one of these two laws. That is evident,
for no one of these two can be invalidated while they are
both true. But when their truth is not known, induction by
elimination stops at the incomplete result that at least one of
the two must be true, without being able to say which one, nor

* if both are true.

Baut is this plurality of cayses in the same case of an effect

a special and very rare occurrence ? Quite on the contrary,

it is the general rule and is absent only in two particular cases.

INDUCTION BY INVALIDATION 229

The possibility of a complex eause renders complete elimina- _
tion impossible.—As a matter of fact, it may be that the list
of the possible causes of A in the case under consideration
comprises, beside the characters L, M, N some characters com-
pounded of several of these, such as LM, or LMN: this is what
takes place every time that the.information which is revealed
about the determinism of A does not exclude with certainty
causes that are composite or complex in nature.

‘Let X be the least complex characterwhich entails A. Any
other character of which X is a factor, such as LX, then also
entails A. “We now have the complexity of possible causes at
the crux of the problem of elimination. This complexity
moreover, is not exceptional, but rather normal, since it exists
in all the cases where, on the list of the characters of the instance
taken as a basis, the least complex and real cause is not at the
same time the most complex of the possible causes.

Induction by elimination will then leave us with the p0351b1e
laws X entails A, LX entails A, MX entails A, IM . . .
entails A, while we have not yet succeeded in demonstrating
the first of these laws. It is true that the last is established,
since it is presupposed by each one of the preceding ones.
But it must be noticed that this last law already follows from
the same premise which posits the determinism of A. For
the character LM . . . X, the most complex of all, is simply
the conjunction of all the possible causes of A in the considered
case, and this conjunction, since A is supposed determined,
cannot fail fo entail A.

But when we are granted_ a determined character and the
list of possible causes which are present in one of its occurrences,
the establishment of a law of the causation of this character
by the method of induction by complete elimination then
meets an insurmountable theoretical obstacle in the possi-
bility of a composite or complex cause.

Now this possibility surely exists, for many eﬂects admit

L3
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causes more complex than they are themselves. Thus, the
colour of a mixture is determined by the diverse colours of its
elements. We must conclude that elimination cannot be

complete except for the case of the total character uniting all

the causes, which has no need of the method of elimination
since it entails the effect as a result of what has been postulated
in the principle of determinism. And it is to be remembered
that induction by complete elimination is the only type of
induction that reaches conclusions with certainty.

Partial elimination : a principle directed against the com-
plexity of causes,—It remains to be seen what probability can
be gotten from an elimination which is condemned to incom-
pleteness because of the possibility of a complex cause. Let

X be the simplest character {of the list) which entails A, All -

the characters simpler than X or as simple as X have been
eliminated ; but, there remain the characters which cannot be
eliminated without removing A also. These include X of
course, and all the characters including X as a factor such as
LX,MX,LMX, etc. Thelaws X enfails A, LX entails A, etc.,
remain before us. We know that they share their total
probability in the ratio of their initial probabilities.
Thereafter, we might think of appealing to an a priori
principle of simplicity, saying that there is, for every chance
p of complexity a certain degree = for a given effect to admit
a cause of complexity lower or equal to $, and that this chance

=, a function of p, increases in proportion as p increases and

finally approaches certainty. Such a principle would be plausible,
for it only puts into exact language the accepted opinion
that an infinitely complex cause is infinitely less probable.

Insufficieney of such a principle.—It would give to X, the
simplest cause possible, a certain advantage over LX, MX,

LMX, ete, . .. However, this advantage would remain

finite, Its measure would be in fact the value of = corre-

e
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sponding to the degree of complexity of the character X, a
terminate finite value. This principle would not then permit
induction by elimination to surmount the obstacle which pro-
ceeds from the possible complexity of causes except in a very
imperfect manner. For it would not put induction by partial

elimination, the sole remaining possibility, in a position to

confer upon a given true conclusion either certainty (of course,
henceforth impossible) or even a probability approaching:
certainty indefinitely. _
Now, that is all that can be expected from induction. That
induction does not- yield certainty is admitted without diffi-
culty. That practice, by Limiting the facts at one’s disposal,
limits the probability of inductions , will be admitted still more
easily. But that a purely theoretical reason, essentially in-
domitable, condemns induction to stop at a finite probability,

is a conclusion that is only accepted as a last resort.

Another principle directed against the plurality of causes.
We may conceive another a priori principle of simplicity cap-
able of bringing to induction by elimination an infinitely more
efficacious aid against the obstacle of the complexity of causes
—an aid that is, however, indirect. This principle would posit
as improbable, no longer the complexity of causes but their
Pplurality.

Suppose, in the first place, that this plurality is excluded.
Assume not only that a character A is produced by some
cause, but also that it is the effect of one identical cause, so that
there exists a character X (of a specified kind or not} which
is inseparable from A. Induction by elimination can then
establish with certainty what this character is. It ought to
be, in fact, one of those which accompany A in any particular
case. But we now have the right to eliminate any character
which is absent in the presence of A, as well as any character
present while A is absent. In this manner we are delivered
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from superfluous characters such as LX by showing that if
they may be sufficient to entail A, X alone is necessary. In
order to establish the inseparability of A and X, it is then
enough to have two cases of A having only X in common (by
neglecting the characters which are not of the specified sort if
there is one sort).

But to postulate in advance that a certain character A
satisfies the unique condition of being both necessary and
sufficient is a very bold assumption. It can be accepted by
reason and yet not appear sure. Hence the following principle
of probability seems to contain everything that is plausible
and acceptable: For any number n, there is a probability n that
A involves a necessary condition formed by the alternative of less
than n sufficient conditions, and B approaches certainty when n
tncreases to infinity.

It is necessary to speak in this way in order to avoid the
following complication. If we said that the number of causes
" of A should be less than n, which would be the more natural
way of expressing one’s self, we would come up against the

fact that when X is the cause of A, any character such as LX

is also its cause: so that,.in order to state what we mean, it
would be necessary to carefully exclude from the account
superfluous causes of this type. Thus the expression which
appears at first to be most simple would involve in the end a
much greater complexity of statement,

However, the principle is not yet quite satisfactorily stated.
The preceding formula is good when we do not know anything
yet about the number of the causes of the effect A, But sup-
pose that we already know that these causes are pluralistic,
that they are af least as many as m: this knowledge would
result from the observation of m cases of A not having, taken
two at a time, anything in common, i.e. ‘they do not have
anything in common that is known to be capable of causing A.
Either this knowledge eliminates the operation of the above

e
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principle, or it lets it subsist. In the first case, it is impossible
to render it infinitely probable that X entails A when we
already know that Y entails A, which seems quite absurd. In
the second case, what follows is the quite dubious consequence
that the more diverse causes of the same effect we know, the
less probable is it that there are stiil more to be admitted.
That is because the aforestated -principle, if it is posited as
applicable to the effects whose diversity of causes is already
admitted, goes beyond what is really necessary. All that.is
required, is that if # is the minimum number of diverse causes
that are known to produce an effect A, it is infinitely improbable
that an infinitely greater number of causes than s are admis-
sible. We may express this in precise terms as follows:
Knowing that the character A does not admit any necessary con-
dition formed from the alternative of less than m sufficient con-
ditions, if we. designate by n the probability that A will admit
& necessary condition formed from the alternative of less than n
sufficient conditions, the value of B approaches unity when M
increases to infinity. Such is the principle which seems to me
most easily acceptable. When we know nothing about the
plurality of the causes of A, the minimum # takes on the value
I and the principle reduces itself to the preceding one.*

The indefinite increase of probability by multiplying in-
stances.—Let there be two cases of A which have nothing in
common but X. They nolonger suffice, as before, to show that
X is both a necessary and sufficient condition of A. But we
can say: either X is a sufficient condition of A or it is not.
1f it is not, A involves in the two cases (since these cases have
nothing in common outside of A and of X) two diverse causes.

- Any necessary and sufficient condition of A is then formed |

from the alternative of at least two characters. Therefore,

* Tnstead of making n a function of », we make n a function of m
and #. For a fixed value of m, whatever it is, » approaches 1 when n
increases to infinity ; but the value of n for a given # may diminish when
m increases. .
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‘X entails A is as probable as the probabiiity that A involves
a necessary and sufficient condition formed from the alterna-
tive of less than two characters, namely one character. This
probability has the value nwhenz=2. This probability n has
undoubtedly 2 minimum value in this case, but it is never less
than a finite number.

But the same holds true for more than two cases. If we
have a hundred cases of A, any two of which have nothing in
common but X, we shall demonstrate in the same way that if
X does not entail A, any necessary and sufficient condition of A
may derive from the alternative of at least 100 characters.
Consequently, X enfails A is as probable as the falsity of this
consequence, Now this probability will have the value of n

when #=100. Itisthen clear that the indefinite accumulation -

of cases of A, any two of which have nothing in common with
X, conferring upon the law X enfails A a probability equal to
the sqccessive values of n when # increases without limit,
makes this law as probable as one wishes. This result is
satisfactory, for certainty then seems accessible.

It calls for certain remarks.

In the first place the kind of induction to whlch it is
applicable is an induction by elimination, i.e. by infirmative
invalidation. The multitude of the causes of AX on which it
is founded do not serve in any to confirm the law X enfails A,
by reason of favourable instances, but really serve to invalidate
other laws by reason of contrary instances. And it is from
this invalidation alone that the corroboration of X entails A
is established by means of our @ priori principle. In fact,
among the necessary and sufficient conditions of A which are
initiaily possible, the observation of # cases of A having nothing
but X in common, taken two at a time, eliminates all those
possible causes which are formed from the alternative of less
than # characters, with the exception of those causes which
contain X as one of their characters. But to say that X is
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one of the characters whose alternative forms a necessary and
sufficient condition of A is to say that X is a sufficient condition
of A, or that X enfails A. Such is the mechanism of this
inductive inference: it really depends in the last resort only
upon the infirmative action of facts on propositions of law.

It is hence remarkabie that this infirmative process of
elimination brings out the most striking feature of induction
by simple enumeration, which is opposite to elimination in
principle depending, as it seems, on the cotroborative action
of its instances. This feature is the réle that the multiplica-
tion of instances plays in the establishment of the law. " This
numerical factor enters here without owing anything to the

uncertainties of practice, since complete knowledge of the
characters of each instance has been granted. Despite that,
in order to make the law X enfails A infinitely probable, an
infinite number of cases of XA is required. It may appear
that their direct confirmative action is being utilized. But in
reality, we are utilizing only the infirmative action that they
exercise on concurrent laws,

Idea of a theory of induction by repetition.—The appearance
of corroboration and the reality of invalidation suggest a
theory of induction by repetition. Perhaps, in fact, such
induction is never anything more than what has just been
described, or is always at least some analogous form of
reasoning. The favourable strength of instances which verify
a law would not be, as it seems, a direct confirmative influence.
Their strength would itself be nothing more than the fatal
virtue of those instances which invalidate laws by going counter
tothem. This conception, as we have just seen, is the basis of

" the opinion that a new instance does not fortify a law unless
if satisfies the condition of being different from all former
instances. It is even necessary, according to the preceding
theory, where we suppose each instance completely known,
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that the new instance differs from each former instance in all
its characters except the two which the law wishes to bind.
Thus we regain through the operation of a number of varied
instances that law which engenders and conditions such a
variety: the conception of induction by enumeration thus
qualified is satisfactory to reason. We shall come across it
again in this study.

Summary.—We postulated at first a determined character A

and the complete list of the characters which accompany it in

one of its instances and are capable of entailing it. Unless we
are sure that these characters, one or the other of which perhaps
entails A, cannot entail several effects—and of that we are
rarely sure—or unless A is on the contrary entailed only by
the total character uniting all the others—and that is an
exceptional state of things fortunately—elimination cannot be
completed; so that we cannot establish by induction a law of
the form X entails A with certainty. Incomplete elimination
does not confer, moreover, on this law a definite probability
except with the aid of a special principle of probability. If
this principle is directed against the complexity of causes,
the origin of the difficulty, the principle affords us only an
inadequate basis. For it does not permit the law X enfails 4,
supposed to be true, to exceed a mediocre probability. On the
contrary, if this principle is directed against the plura]ity of
causes, it furnishes a satisfactory solution by means of a detour.
It permits us, in fact, to make the law X entasls. A as probable
as we please on the condition that we have at our disposal as
large a numbeér as we wish of cases of XA not having anything
in common but X, when taken two at a time. It thus places
induction by elimination under the dependence of number,
requiring, besides, variety, Such are the results of the
criticism of elimination itself. These results followed from
assgming that the characters of each instance of XA, at least
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those which are to be considered, were completely known, and
secondly, that the determinism of the character A is certain
or at least infinitely probable. It is these last conditions
which we must now examine.

B.—INSTANCES INCOMPLETELY KNowN

The individual samples of nature are known only incom-
pletely.—Retaining determinism, let us ask whether the

_ characters of each instance are in fact so well known in natyre,

where induction operates surely in so important a way. To
ask the question is to answer it. The circumstances involved
in any fact of nature, whether physical or mental, are never
known except partially. If we do not restrict ourselves, these
circumstances, in fact, embrace the totality of the universe
in time and in space, a totality which escapes us infinitely.
But even if we limit ourselves to the immediate neighbourhood
and past, a more profound reason makes the complete know-
ledge of this limited realm no less inaccessible. It is a matter
of fact that the total or partial cause of a comprehensive
effect is sometimes hidden. It becomes comprehensible only
as the outcome of a test which consists of an experiment
properly speaking, or of the application of an instrument
such as a microscope, which is also really an experiment.
And that is true of mental effects as well as of physical effects.
A mental phenomenon may have its total or partial cause in
2 state which the reaction to a certain test or the answer to
skilful questions alone makes manifest to the very consciousness
of the subject. This is the whole problem of personality and
temperament in psychology.

In the domain of the facts of nature, the result of a test
may then be an important circumstance. Hence, to be sure
that we have not omitted any circumstance, it would be
necessary to have applied all the tests possible. In order to
determine surely and completely the state of a piece of matter,
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it would be necessary to test its behaviour by means of all the
substances which will ever be discovered and to examine it by
means of all the instruments which will ever be invented,
Likewise, to determine with certainty the state of a mind,
even for its own consciousness, it would be necessary to apply
to it all the tests that the ingenuity of psychologists will ever
imagine: a task that is perfectly impossible.

Undoubtedly, it may seem to us that certain tests are
sufficient to show the complete manifestation of a given
physical or mental state. But we cannot be sure of this, for
it remains possible that these tests let differences escape whose
action has not been noticed yet, but which really have effects.
Such was the electrical state of bodies before their first effects
had been discovered. And above all, this more or less strong
assurance and presumption of knowing everything necessary
to reveal the circumstances which should be taken into con-
sideration, are founded on experience, that is to say, on
previous inductions.

In fact, how do we know that in the investigation of the
cause of a certain effect, we have made an inspection of the
circumstances to be taken into consideration when we have
noted certain characters and certain results ? It can only be
by means of an analogy with the already known causes of other
effects.

Observation can inform us only indirectly that such a
character has no part in the production of such an effect. So

long as one is in complete ignorance about what isinvolved, one -

is just as unaware of what is not involved; and it is only by
indicating the characters which should be noted that ex-
perience excludes by past selection all the others. That is
particularly clear for characters that are not revealed, such
as was the state of electricity before it was conceived. For if
we judge it improbable that a character of this still unknown
sort enters the list of the possible causes of an effect that is
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being examined, it ¢annot be by a direct establishment of its

.lack of causal influence, since it has never been perceived

and its very existence is not known. It is therefore really
the analogy of laws already demonstrated or probable, and
only this analogy, which limits the probable causes of a certain
effect to a known part of the characters in the immediate
spatio-temporal neighbourhood.

The force of this analogy between the unknown causes of
a new effect and the known causes of similar effects is not
everywhere the same. Its invariability makes induction more

or less powerful according to the movelty of the effect and

according to the knowledge acquired about effects of the same
kind. This analogy is exact and rigorous in sciences already
possessed of certainties; it is obscure and loose when its only
foundation is the mass of common experience. Lastly, it is
nearest failure when it deals with phenomena detached from
both known science and practice, such as so-called * psychical
phenomena. It is then that we see the weakness of induc-
tion in its first steps, when it does not know yet where to
turn. . .
Thus, induction gains autonomously a kind of momentum
which increases in strength as it progresses. Its power has a
“snow-ball ”’ or cumulative effect. The limitation of ' im-
portant *’ circumsfances can finally have no more effect than a
single type of character which must be taken into considera-
tion in the production of a given effect. It suffices to discover
the character of this type which is present in order to judge
immediately whether it is the cause that is sought. Then
that is why scientific induction says proudly: a single experi-

-ment is encugh, provided that it is done by a man who knows

how to direct his attention.

Conditions of primary induction.—But logic, which is

. sovereign, should lead back to modesty. Induction which



240 LOGICAL PROBLEM OF INDUCTION

depends on an induction for support is a secondary induction.
Now no secondary induction, as certain as it may be, taken
by itself, yields a result more probable than primary induction
can, because no reasoning, even when certain, can render its
conclusion more probable than the most doubtful of its
premises. If the limitation of circumnstances to be considered
in the production of a certain effect is the conclusion of an
induction—and we have just shown that it is—it must be
because induction can be validly exercised without the principle
of limited variety. And the probability it then rea.ches marks
the definite limit of its power.

This question concerns logic and not history. In the group
of laws that an empirical science contains, the problem is not
that of discerning the first fruits of induction which are still
devoid of analogy. The points of application of primary
induction matter little. It is sufficient to have seen clearly
that primary induction is at the basis of the whole induction.
If care is not taken, the consideration that any law at all may
be established after a few experiments by scientific induction
—just as it is done in class room demonstrations and lectures
—might lead one to the illusion that the same holds for all
laws. But that would be to forget that any law is cor-
roborated so easily only by being aided by the analogy
of all the others already known, It would be as if one were
to say that a table can stand without legs because any one
of its four legs may be removed without making the table

fall.
For a science of nature to be established by induction, it is

then necessary that induction should know how fo accom-

modate itself to phenomena which are partly unknown,

without having any assurance that the unknown part is -

negligible. Pursuing the study of induction by invalidation,
let us investigate how these new conditions of uncertainty
alter the power that we have attributed to it.
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Primary induction by elimination when .applied to nature
is not satisfactory. |
plexity of the cause is excluded. Starting from one case of
the effect A, it is then possible to eliminate all the characters
of this case that have been observed, except the character X,
since we have assumed the right to neglect characters more
complex than X and containing X as an element. So long as
we admitted that this complete elimination in favour of X
bore on the totality of the characters present with A in the
given case and capable of being its cause, the law X entails A
was established with the same degree of probability or certainty
given to the assumption of A’s determinism. But here we
admit that certain characters have escaped us. The complete
elimination that we thought we could make has therefore
affected only an incomplete list. Itis really a partial elimina-
tion.

It is to be remembered that the result of a partial elimination
depends on the values of certain initial probabilities, The
initial probability of the eliminated characters is divided,
according to the more general hypothesis, among the remaining
characters in proportion. to their initial probabilities. The
probability that the law X entails A derives from the elimina-
tion of all the concurrent laws which have not escaped us,
is not measured by the good will or care we have exhibited
in the task of eliminating what is beyond our powers. We
cannot say, as we should like, that the law is rendered as
probable as is possible at the moment we have done every-
thing in our power. No; the probability of a law depends on
rules that are more ﬁrmly established than this rule of good
will. The probability of the law X enfails A depends ex-
clusively upon the intrinsic probabilities of this law itself and"
upon other concurrent laws.

Of these intrinsic probabilities we have no idéa. It would

be necessary, in order to know them, to compare the chances
6
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that each of the observed characters has of being the cause
of A, not only with those of the other characters, but again
with those chances of the characters which have escaped
observation, all of which are unknown, including their number.
These probabilities are unknown. They are undoubtedly
mediocre, because of their multitude. In any case, they are
finite. Elimination can then operate to confer on the law X
entails A only an insufficient probability and not anything

near certainty.

Recourse to repetition.—We cannot be content with this
- resutt. For, once again, the power of this first indication
which cannot yet depend on any analogy, limits the whole
power of induction applied to nature. We should then try to
improve the result. The means are evident; repeat experi-
ments. It is commonly admitted, in fact, that in such a con-
dition of ignorance, it is necessary to consent to depend on the
number of instances.

But we are not looking simply for what is to be done. We
are seeking the logical mechanism and the principle of these
counsels of common sense. It is here suggested that we
strengthen the obscure and mediocre probability that elimina-
tion has just reached by a procedure which is very similar to
induction by simple enumeration. But we have already met
the same necessity of accumulating instances of the law that
we wished to establish. We recall, however, that this ac-
cumulation did not operate in a simple manner.and accord-
ing to appearance, but operated indirectly. It might be
the same here. Under the multiplication of instances which
is imposed upon us for the second time, the principle of
elimination might be found again. It may thus suffice,
against appearance, to render inﬁnitely' probable ‘a law of
nature, Such is the possibility which remains to be
examined. '
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Attempt to found the influence of repetition on a prineiple

~of elimination: preliminary assumption.—This possibility. re-

quires us to posit anew an assumption on which it rested up
to this point, namely, that the plurality of causes is improb-
able. In fact, so long as nothing is assumed in this respect,
the elimination of the possible causes of A can be done only
by adding to a case of A cases of non-A in which certain
circumstances are found again and are thus eliminated. But
the addition of several cases of A can eliminate nothing, so
long as no weight is given to the conjecture that A proceeds
in all cases from the same canse. With a view to explaining
theinfluence of the multiplication of instances by the mechanism
of elimination, it is necessary in a general way, it seems, to
posit some principle directed against the plurality of causes.
However, this principle does not operate here as before,
When we supposed each instance perfectly known, the prob-
ability conferred upon the law by a great-number of its in-’
stances, having nothing in common when taken two at a time,
was the very probability posited by the principle viz. that
the effect did not proceed in so many cases from diverse causes,
If we excluded the plurality ot causes, instead of ‘taking it
as merely improbable, two instances might suffice to demon-,
strate the law, and accumulation would no longer play any
part. But we are now faced with imperfectly known in-
stances: this imperfection, even excluding any plurality of
causes, by itself makes necessary an infinite repetition.
Suppose, for simplicity, that the effect A admits a cause in
all its occurrences. The encountering of two cases of A
having nothing in common but X does not suffice according
to our knowledge to give to the law X enfails A a satisfactory
probability. For the probability that they yield is the one
obtained from assuming that their unknown parts have also
nothing in common. This probability is finite, 'und,oubtedly
mediocre, and quite obscure, But the continuous accumula-
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tion of such cases of XA having nothing known in common
appears capable of gradually raising the probability of the
law X emtatls A and to make it as close as one wishes to
certainty. Either this is necessarily true or the natural
sciences ought to give up trying even to approach certainty.
For in the présence of partially unknown instances—and such
are all natural phenomena—the number of instances alone

affords any hope of compensating the imperfection of analysis.

.Can its action be explained by a principle of elimination ?

Theory of the probability of elimination.
Mr. Keynes, and it has no other source. If a second case of
XA increases the probability of the law X enfails 4, it is
because it differs from the first according to our knowledge,
or at least it has some chance of differing from it in our
ignorance, This elimination, certain or probable, of some
character from the initial concurrent case of X as a possible
cause of A constitutes the whole favourable influence of a
second case of XA on the probability of the law X enfails 4.
Likewise, a third, a fourth, an #th case of XA operate only
because they eliminate or have some chance of eliminating
a character common to all the preceding cases. It is by this
cumulative tendency of the cases of A to reduce their common
part that it increases the chances of the persistent character X
to be the cause of A such would be the real source of induction
by repetition. _

Let us quote Mr. Keynes:

Yes, answers

*“The whole process of strengthening the argument
in favour of the generalization ¢ enfasls f* by the accumu-
lation of further experience appears to me to consist in
making the argument approximate as nearly as possible
to the conditions of a perfect analogy, by steadily reducing
the comprehensiveness of those resemblances ¢, between
the instances which our generalization disregards. Thus

* Designated in the text by gl¢f):

INDUCTION BY INVALIDATION 245

the advantage of additional instances, derived from
experience, arises not out of their number as such, but out
of their tendency to limit and reduce the comprehensive-
ness of the class ¢,. . . .” (A Treatise on Probability,
p. 227-228.)

And again: “ I hold then that our object is always to
increase the Negative Analogy, or, which is the same
thing, to diminish the characteristics common to all the
examined instances and yet not taken account of by our
generalization. Our method, however, may be one which
certainly achieves this object, or it may be one- which
possibly achieves it. The former of these, which is
obviously the more satisfactory, may consist either in
increasing our definite knowledge respecting instances
examined already, or in finding additional instances
respecting which definite knowledge is obtainable, The
second of them consists in finding additional instances of
the generalization, about which, however, our definite
knowledge may be meagre; such further instances, if our
knowledge about them were more complete, would either
increase or leave unchanged the Negative Analogy; in the
former case they would strengthen the argument, and in
the latter case they would weaken it ; and they must, there-
fore, be allowed some weight.” (Ibid., p. 234.) '

The theory of induction by repetition which these two
passages summarize very clearly is most surely deductive.
It justifies the opinion common among philosophers that
several instances not possessing, according to one’s sure
knowledge, any difference, would not have more weight than
a single instance. It encourages the idea that induction by
multiplying instances is not really a valid principle, but is
efficacious only to the extent that it imitates induction by
analysis. It brings all induction back to elementary infirma-
tive operations. So this doctrine has something distinctive
about it which pleases the mind. The theory that Mr. Keynes
proposes is hence incontestably the natural theory. But it is
no less necessary to examiine it.
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Development of the theory of determinism.—We have shown
at the beginning of this study that all induction by infirmative
action in favour of the law X entarls A -requires as a premise
the determinism of the character A, that is to say, the proposi-
tion that any sample of A is also an instance of at least a char-
acter entailing A. ‘

But it is possible to have at one’s disposal more definite
knowledge. Let us take a certain sample of A. We have just
posited that the class o of all the chavacters of this sample (other
than A) contains at least one character which entails A. It
is not inconceivable that we are in a position to say as much
about a more restricled class. It is possible that we know that
the class @ of characters, which is only one part of the class
contains even by itself at least one character which entails A.
It is possible that we know this to be true of several partial
classes @,, a, . . . formed of characters of the considered
sample of A. For it may be that A admits in each one of its
occurrences several sufficient conditions. Finally, it is possible
that for some of these classes—q, and g, for instance—it is
certain that they contain a character Which entails A, and that

for others—a, and &, for instance—the same thing may be
only probable to degrees P, and P, respectively.

This is what happens in the assumption commonly made

" about the determinism of the characters of natural phenomena.
Indeed, if we were limited to the proposition that any one of
the characters of a phenomenon is entailed by some other, that
would amount to scarcély anything; for the characters of a
'phenomenoh, if they are not limited, include its relationships
to all other phenomena past, present, and future. On this
point people are ordinarily agreed.

It is taken as certain that any character present in a
phenomenon is entailed by at least one of its other characters
which involve neither the future, nor even the present, but
only the past. Fuithermore, that any such character is en-
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tailed by at least one of the characters which involve only
such a date, or more exactly such a section of the past as we
wish, however short it may be; for we believe that the state
of nature in any duration, however brief it is, determines its
state at all subsequent times. Again, we assume sometimes
that any character of a phenomenon is entailed, if we refer
to a section of the past sufficiently proximate, by at least one
of the characters which involve a region of sufficiently vestricted
space around the phenomenon studied.*

We may then represent the determinism of the characters of
a natural pheromenon by the familiar image of the concentric
waves produced by the fall of a stone into.alake. Except that
we must imagine the process backwards: the waves starting
from the periphery enclose each other and run back towards
the place of perturbation, whére upon their arrival they
teach the cause. Thus, the conditions capable of determining
an event occupy at a given previous date a region becoming
vaster in proportion as this date recedes further back. Run-
ning in from the outer limits of the past, so to speak, they lock
themselves around the event and converge towards the very .
space that the event fills,

In the heart of the class a of characters of a sample of A,
those characters which involve any section of the past (and

- which are also restricted to a finite region of space, if we admit

the last.assumption) form then a partial class z about which it
is cerfatn that it contains at least one character which entails A.
There is then an infinity of these classes & culminating in the
total class a.

This is not all. Consider the class of the circumstances of

# Itis clear that this postulate is necessary to eliminate the influence
of probable causes escaping us because of their remoteness, This is very
clearly stated by M. Painlevé in the article Mécanigue in the volume
De Ig Méthode.dans les Sciences (On the Method of the Stiences). We
may notice that this postulate, directed against action at a distance,
is on the contrary a consequence of the principle according to
which any influence is transmitted from the proximate to the
proximate.
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the given sample of A which are contained in the present like
A itself—in other terms, the circumstances which are cou-
temporaneous with the effect, and no Yonger femporally prior
. toit. Is there not some probability that the circumstance A
is aISD_enfaﬂed by at least one character among its con-
comitant characters ? o .

We shall first show that this probability cannot reach
certainty as in the preceding case. ' The thing is evident; it
may- be demonstrated. _ )

In fact, any character is just aswell a conjunction of char-
acters, . Thus, all the characters of a phenomenon which are
simuitaneous with any character M make upall by themselves
a character, and if it were certasn that any present circumstance,
hence also this integral character, is entailed by some present
circumnstance, it would be certain that any one at all of the
present circumstances entails all the others, It would be
certain that its recurrence would assure their recurrence.
Now that is manifestly contrary to fact. In our universe
many characters meet without entailing each other. There
are then characters, at least complex ones, which are not
entailed by any simultaneous character. From which fact it
follows that it cannot be certain @ priori that any character
whatsoever is entailed by some simultaneous-character. -

It will even be admitted without difficulty that the @ priori
probability that such is the case, is very mediocre and very far
from being practically equivalent to certainty, although it is
not negligible completely. Let us designate it by . Like-
wise, there is a probability = for any character to entail some
simultaneous character; and this probability # is neither
extremely large nor negligible.

Application to induction by elimination.—In a general way, if
the character A is entailed (with a certainty or probability p)
by at least one member of a partial class @ of the characters

A,
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which accompany it in any given instance, the search for a
character entailing A may operate by an elimination bearing
on all the characters which are members of 2. But once all
these characters less one are rejected, it is known with a degree
p of certainty or probability, and only to this degree, that the
character left entails A,

_ These results are going to be useful to us in a moment.

Can the probability of elimination be the principle of in-
duction by repetition in its application to nature P—It is not
without some hesitation that we are presenting the following
arguments. They are longer and more complex than might
be desired ; they demand an effort of attention. But believing
them correct, it is best to offer them, We must follow the
argument whither it leads: dmy dv ¢ Adyos domep wvevpa Pépy, -
Tadry iréov, '

If the only resource of induction is infirmative; if its only
mode of operation is the rejection of possible causes in favour
of the remaining ones by elimination ; if the favourable influence
of a new instance of the law X enfails A consists altogether of
the certain or probable elimination of some new member of a
class g of circumstances present with X and A in the initial
instance, at least one member of which it is certain or probable
(to the degree p) entails A, the following results ensue:

We have already shown that this view requires some
principle directed against the plurality of the causes of the
characters A ‘whose production is to be rendered in some
probable law. Let us grant the maximum probability by
excluding any plurality of causes on the assumption that
there exists at least one character (simple or complex) entailing
A, and conversely, entailed by A. Assume as certain that a
partial class @ of the circumstances of any instance of A
contains such a character. According to what has just been
said, this class cannot be the class of the circumnstances con-
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temporaneous with the effect A. It must be the class of the
circumstances relative to some anfecedent duration, that will
be imagined, most naturally, very clpse to the very appearance
of A. We shall call the members of this class {for we shall
consider only one of them) the anfecedents of A in the instance
~in question. We shall call the characters contemporaneous
with A the concomstants of A,
Thus, we posit it as cerfain that at least one of the ante-
cedents of any character is inseparable from it. On the other
hand, it remains probable o the degree T that any character

whatsoever is entailed by at least one of its concomitants, and’

probable to the degree n that it entails at least one of its con-
comitants. The values.II and = are neither negligible nor
practically equivalent to certainty. This group of assump-
tions is surely the maximum of what can be thought to agree
@ priori with the determinism of natural phenomena. If we
succeed in showing that under these very favourable con-
ditions the theory under consideration is not satisfactory, we
shall have really proved a forféori that it is not satisfactory
under any conditions. '

The probability conferred upon the law X enfails A (X being
an antecedent of A in a given case} by a number # of its in-
stances is, in the concept under examination, a probability of
the second order. Itisthe probability that we shall find among
these # instances the realization of a certain possibility of

elimination of the antecedents of A, which would itself give -

to the law X enfails A a certain probability. It is in this
way that induction by the multiplication of instances, instead
of being a true argument, would be only the shadow of one.
This idea demands more exact statement. For we do not
know with certainty just to what point our » instances of XA
force the elimination of the antecedents of A. Perhaps they
keep only X ; perhaps they leave another subsist, or two others,
or x others. But these different hypotheses may be unegually
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probable. In each one of them, the probability of the law
X entails A is whatever the hypothesis would yield, if it were
realized, multiplied by the probability of this realization.
The round total of the probability conferred upon the law is
then some average value among all these products, lower than -
the greatest probability among them.

In order for this probability to approach certainty when #
increases, it is necessary for one of these products to do as
much. And for that to happen, it is necessary that the multi-
plication to infinity of the instances of XA renders infinitely
probable the realization of a poésibility that elimination itself
will render the law X enlails A either certain or infinitely
probable.

This possibility of elimination can be only one of the follow-
ing two conditions: X s the sole antecedent, of A which'is common
o all the instances considered; in this case, X entails A is
certain. In the second case, antecedents of A other than X
remain common to all these instances. But it is infimitely
probable that these other antecedents either entail A or else are
entailed by X. In both cases, X entails A is an infinitely
probable effect. '

We can even neglect here the first alternative.* For the
antecedents other than those in question are characters which

have escaped the means of observation employed. ‘'We know
nothing of their nature, and it cannot be less probable, and more
particularly, infinitely less probé.ble that A is entailed by
some one of them than by X. -

A possibility of elimination making X extails A certain or
infinitely probable is then a state in which X remains alone
or else in the presence of other antecedents of A which are with

- infinite probability entailed by X.

* Tt is the hypothesis we met while studying the mechanism of
repetition for completely known instances and for a plurality of
causes which increases in improbability with an increase in their

- number,
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Does the muitiplication to infinity of the instances of XA
render infinitely probable the realization of one or the other
of these possible states ? '

‘It cannot render the realization of the first possibility in-
finitely probable. In fact, it does not diminish the initial
probability for X to entail some concomitant among the ante-
cedents of A which escape observation; and this probability p,
without being extremely small or large, is surely not negligible,
In the presence of an infinite number of cases of XA not having,
so far as our knowledge goes, any common character, a finite
probability a¢ least equal to p subsists then for all those cases
having in common one or more antecedents of A unknown to
us. We shall designate the group of such cases Y. The prob-
ability of a state of things is at least equal to the probability of
any hypothesis which implies it.

But we must carefully notice that if the existence of an
uncbservable concomitant entailed by X implies the presence
of the same uncbservable character in all the examined cases
of X, the latter, on the contrary, does not imply it. Foritis
evidently possible for a character Y to accompany X in all
- the cases under consideration and yet abandon it in others.
Surely, in proportion as the number of examined cases increases,
this hypothesis becomes infinitely probable. But let us take
care _{o remember that it is exactly the véry principle of in-
duction by repetition which is behind the whole process, a
principle which it is exactly our office to justify in the theory
we are examining.

On this theory, is it then infinitely probable that any Y
concomitant with X in an infinite number of cases is entailed
by X?

That is what the theory of the probability of elimination:
should prove. But it does not prove it; it cannot prove it, for
only the falsity of the theory makes it true. Let us iry to

make this contradiction manifest.
A\
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Suppose X and Y are the only antecedents of A present in
an infinite number of cases of A, and it is asked whether this
supposition renders X enfails Y infinitely probable.

Now, X is not an antecedent of Y, but a concomitant of Y.
It is not certain that Y is entailed by some one of its con-
comitants; it is only probable to the degree 1. Hence, in the
theory with which we are now concerned, the hypothesis of the
elimination of all the concomitants of Y except X does not
render X entails Y certain or infinitely probable, but only
probable to the degree II.

We might attempt to get around this conclusion through a
detour by objecting that the concomitance of X and Y in an
infinite number of cases makes it infinitely probable that the
antecedent which entails X also entails Y. But this is to fall
into a circle. For we have proved that it is not infinitely
probable that all these cases will have only one antecedent in
common, even if only one is observed. And it is clear that if
there are several, there is a finite probability that one of them
entails X and the other Y, unless it is infinitely probable that
they both entail each other, in which case we find ourselves
back at our start.

The whole argument may be summarized in the following
way: In the theory which uses the principle of the probability
of elimination to support induction by repetition, it is not
infinitely probable that an antecedent followed by the effect
in an infinite number-of cases is the cause of it. For, in the
first place, it is not infinitely probable that this antecedent
does not entail some other unknown cause simultaneous with
it. Secondly, it cannot be infinitely probable that if another
antecedent actually accompanies the first in an infinite number
of cases, it is then entailed by the first. For it is not in-
finitely probable a priori that a character is entailed by its
concomitants.

Such is the chain of reasoning which seems to us to establish
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the untenability of both Mr. Keynes’ theory and philosophical
common-sense about the mechanism of induction by simple
enumeration. Such induction does not really confer on the
laws of nature a probability higher than the @ priori prob-
ability that some character, simple or complex, is entailed by
some concomitant character; and this probability IT is very
- far from certainty. \
But we showed before that primary induction, which bears
on all our empirical knowledge of nature, cannot yield a prob-
ability approaching certainty except by drawing on infinite
repetition. It would be thus demonstrated that the idea of
founding any induction on a principle of infirmative elimina-
" tion leads in the end to an impasse, no matter how agreeable
the idea is to the mind dominated so €asily by this facile pro-
cess of elimination. For to deliver to physics as a result of
this principle only a mediocre probability separated from
certainty by an irreducible interval, is an impasse or frustra-
 tion to the physicist. It would be somewhat pessimistic to
attribute such a cruel limitation to the very nature of things,
and Mr. Keynes does not intend to do so.

It is interesting, if we wish to make clearer the exact scope
of our results, to compare them with the position taken

by M. Lachelier in his Fondement de I Induction (Foundations

of Induction).

M. Lachelier’s ideas,—This writer seeks to formulate, but

especially, to prove principles apparently capable of justifying
induction, without delaying to determine the exact manner
by which these principles apply in fact to inductions that con-
fer a determinate probability. The analysis and verification
of his principles are in our opinion fundamental to his theses.
_He first presents the classical thesis according to which the
essential premise of induction is the determination of pheno-
mena by their antecedents. But—and this is his special
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thesis—this first principle is not sufficient ; because among the
multitude of the antecedents necessary for the production of
a certain effect, there may be found, we even know that there
will be found, unknowable factors. ‘When we assert that the
recurrence of such unknowable antecedents should entail the
recurrence of the effect, we suppose evidently, by virtue of
some other principle, that all the antecedents required are in
fact reunited, at least in most cases. Lachelier gives as an
illustration the biological law according to which similar
reproduces similar. He then observes that the intervention
of imperceptible conditions is no less present in physical or
chemical phenomena than in the phenomena of biology. He
shows ‘that his principle of the coherency of simultaneous
characters in groups is equally necessary for all the inductions
of the natural sciences. He conceives this mutual determina-
tion of concomitant circumstances as *‘a principle of order
which guards the preservation of kinds.” He perceives a
teleological necessity about it which he summarizes as follows:
“ We can then say in a word that the possibility of induction
rests on the double principle of efficient and final causes.”
(Lachelier: Fondement de I' Induction, p. 12.)

He realizes that his second principle cannot be, like the
first, a principle of certainty, but that it is only a principle of
probability. In fact, the coherency of concomitant characters
is limited: only certain groups form *kinds " which persist.
We cannot, hence, be certain that the recurrence of observable
characters by the means at one’s disposal assures the recurrence
of the imperceptible characters which are perhaps netessary
to engender the effect.

Lachelier stops there. He thinks he has solved the properly
logical problem of induction by having formulated principles
which evidently justify induction. For him, as for most
others, the important thing is not to see what the principles of
induction are—that seems too easy to them—but indeed to
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prove them: * They abandon things, and run to causes.”*
In his haste to pass to this metaphysical task, he does not
perceive that the principles whose proof he pursues are not
sufficient in any way to justify inductions.

In fact, it is not cerfasn that the recurrence of the knowable
antecedents of an effect assures the recurrence of the imper-
ceptible antecedents necessary for the reproduction of this
effect. It is, therefore, only probable; and in the second place,
we can recognize in Lachelier’s principle of final causes the
assumption which posits the a priori probability I that any
character is entailed by its concomitants, Thus, all that
results from the two principles of Lachelier is a mediocre
probability that the recurrence of the antecedents observed in
a certain case assures the recurrence of the effect observed in
this same case. .

This result cannot be sufficient, We should be able to
improve it. It can be done as a matter of fact. How? By
multiplying instances, Feor it is admitted that the initial
probability that perceived antecedents entail the perceived
effect—and this is all that Lachelier’s principles tell us—is
capable of being annihilated by one contrary instance, and on

the other hand, is also capable of being increased by favour-

able instances until it approaches certainty.

Lachelier does not stop to consider this ultimate bearing of
the facts, nor do his principles take them into account,  Ac-
cording to his theory, the probability of the connection of a
conse-:]uent with an antecedent depends on the probability of
the antecedents among themselves, that is to say, as con-
comitants. His second principle furnishes a certain & prior:
probability for the connection of any two concomitants. But
who can assure us that the concomitants ebserved the greatest
number of times together have the greatest chances of being

* Montaigne, III, ii.—In this way Lachelier devotes fwelve pages
to the formulation of the principles of induction and eighty to their
prooi.
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connected; and that the probability of their being connected
can even rise above the a priori probability that one or the
other of them is connected with some concomitant, and
approach certainty ? This question is neither solved, nor even
stated by him. Yet. it is the most important as well as the
most difficult question of induction.

Can the probability of elimination he the prineiple of Induetion
by repetition in its applieation to numbers P—First of all, does
induction by multiplying instances apply to numbers? Does
the multiplication of the verifications of a formula or law
uncertain by itself confer on the law a probability that in-
creases towards certaity, in the.domain of numbers as well

as that of natute? ,

The possibility, in this domain, of certain demonstrations,
and the exclusive value that is attached to them result in
making induction by instances unnecessary in principle. It
is not officially admitted in mathematics, which is content
with nothing less than the certainty it has-already once
tasted. The very validity of induction by instances is doubted,
It is thought, not only that the conclusions of induction in
arithmetic state only a probability, but also that this prob-
ability is in itself precarious and unsubstantial. Illustrations
may serve as suggestions and guides in discovery, but not in
the establishment of theorems. If we employ them in the
process of discovery, ij: is at our own risk and peril. No
degree of certainty can be founded on experimental illustra-
tions.

This view seems on reflection to be hardly rational. The
precariousness of the probability founded on instances is not
more real, in fact, in arithmetic than in nature, It pfoceeds
in both cases from the fact that it is forgotten that probability
is relative to the information at our disposal. Thus the discovery
of a demonstration of the truth or falsity of a law about which

. 17



258 LOGICAL PROBLEM OF. INDUCTION

we knew only numerous verifications cannot weaken the fact
that the information which we had was -sufficient then to
render the law very probable, and only very probable.

But above all, if instances do not support any legitimate
probability, mathematicians who still follow the guidance of
instances in the investigation of theorems—and the best
mathematicians have not failed to do so—are not acting
rationally. Mr. Keynes expresses this point very well:
" “ Generalizations have been suggested nearly as often, per-
haps, in the logical and mathematical sciences, as in the
physical, by the recognition of particular instances, even when
formal proof has been forthcoming subsequently, Vet if the
saggestions of analogy have no appreciable probability in the
formal sciences, and should be permitted only in the material,
it must be unreasonable for us to pursue them. If no finite

probability exists that a formula for which we have empirical .

verification, is in fact universally true, Newton was acting
fortunately, but not reasonably, when he hit on the Binomial
Theorem by methods of empiricism. (See Keynes' reference
to- Jevons, Principles of Science, i874, P 231.)

“ I am inclined to believe, therefore, that, if we trust the
promptings of common sense, we have the same kind of ground
for trusting analogy in mathematics that we have in physics,

- and that we ought to be able to apply any justification of the
method, which suits the latter case, to the former also.” {4
Treatise on Probability, p. 243-244.)

Is not Mr. Keynes’ judgment reasonable ? It is inviting,
and in any case authorizes us, to examine this application to
numbers of his theory that the probability of elimination is
the pfinciple of induction by simple enumeration.

The insufficiency of this theory in this domain of numbers
appears quite clearly. There is no need here to mention
temporal distinctions in the determinism of arithmetical
characters.
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Is it certain or infinitely probable that any geﬁe'rai character
of the number #, formed from one or several properties—such
as that of being the first, or perfect,* or square—is entailed by
some other general character of this same number # ?

No, that is neither certain nor infinitely probable, but only
probable to a finite degree p. For we know that the general
characters of numbers form several groups and that it is not
sufficient to fix one of the characters of a number for all the
others to be equally fixed. - Consequently, there is a finite prob-
ability not to be neglected, whose value is  ~ p that any general
character A is not entailed by any other character. If it were
entailed, it would form an independent group, complex or even
simple; this would be a fundamental property which does not
depend on any other property.

According to the theory which we are now discussing,
* The whole process of strengthening the argument in favour
of the generalization ¢ entails f by the accumulation of _further
experience appears to me to consist in making the argur‘nént
approximate as nearly as possible to the conditions of a perfect
a.nalogy, by steadily reducing the comprehensweness of those
resemblances between the instances which our generalization
disregards.” (4 Treatise on Probability, p. 227.) And by
perfect analogy, Mr. Keynes understands the union of two or
several causes of XA which eliminates all the rest, that is to
say, which does not have any other character in common.

Any collection of numbers presenting the two properties X
and A always has, undoubtedly, other general common pro-
perties. We should then have to say, according to Mr. Keynes,
that this collection, no matter how numerous it is, does not
exemplify a perfect a.n_alogy, and cannot but constitute :;m
argument imferior to perfect analogy which is the ideal and
limit. That is the whole thesis which Mr. Keynes dofends,

* A perfect mumber is a number equal to the sem of its fact
015,
eg.6=3x2X I=3+2-+1. Fortheoremsconcerningsuchrare numbers
cf. Dickson, History of Theory of Numbers —Tr si, ’



260 LOGICAL PROBLEM OF INDUCTION

But what probability would perfect analogy itself confer on
the law X enfails A ? If we knew that two numbers m and
have no other general property in’ common but X and A

_‘(whicha is impossible), what degree of probability would result

for the law X enfails A? Would it be certainty ? Would it -

be an infinite probability ? No, it would be only the finite
probability p. In fact, there is a probality 1-p that the
géneral property X depends on no other, and conseq_uently
does not depend on A. Al that a perfect andlogy can prove
is that X is the only general property which may entail A. But
X entasls A does not result except to the degree in which it is
probable that A is not an independent group of general pro-
perties of numbers or a fundamental general property not
entailed by any other of its properties.

According to- Mr. Keynes, the probability that a perfect
analogy would -establish, limits ideally the probability that
the multiplication of instances can give. The latter does not
_ apﬁoach certainty, but remains lower than the finite probability
p:a result that is hardly satisfactory.

Conelusion of the stndy of induetion by mvalidation.——Let
"us summarize the preceding a.nalysm
 We first stated the postulate that the whole influence of facts
on: the probability of laws resolves itself into these two primi-
tive operations: confirmation and invalidation by means of
favourable or opposing instances. We have analyzed the

theoretical advantage there would be in conceiving infirmative -
invalidation as the only source of all inductive inference. .

We have noticed that philosophers and reason itself had such

a propensity. We have tried to grasp the -principle of this

doctrine and pursue it rigorously, in order to decide whether
it is tenable to the end.

In the first place we had to determine the essent1a1 and

" necessary form of induction by invalidation. It is the trans-
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ference to one of the laws of a given group, by the rejection of
all or part of the othérs, of the certainty or prohability of the
existence of at least one true law in the group. Such groups of

- possible laws containing ‘certainly or probably a true law are

furnished to induction by special deterministic assumptions.
We must postulate that it is certain or probable to a degree p '
that in any one of the instances of the character A whose rule
of generation we are trying to establish, there is, in the heart
of a certain class « at least one character which entaiis A,
The class o may compnse all the characters of the case or only
certain ones selected from them. Starting then from some
instance of the character A and from the class ¢ which is in
relations with it, induction seeks to make infirmative or to
negate by means of contrary facts the connection of A with
the greatest possible number of characters of a, thus transferring-
their initial chances of entailing A to those that remain. Such

s induction by elimination. It is the only kind of induction

possible on the basis of our assumptions.

We have examined the function of this type of induction in
the ideal condition where individual cases, co'mpletely known '
to us, do not conceal from us any of their causal circumstances.
But even this theory breaks down with the possibility of the
complexity of cduses. It cannot produce an inductive in-

- ference that is certain except by the indirect aid of some assump-

tion directed against the plurality of causes. If we proceed
to exclude the possibility of plural causes, certainty becomes
accessible again. Ori the other hand, if we limit ourselves to

the postulate that this plurality becomies more improbable as

it becomes greater and greater; elimination agai:_x furnishes
an infinitely probable inference, but on the condition of.

depending on an infinity of different fa;iroitrable insta'n't:es

We next passed to nature. There no mstance i ]mown in

all its c1rcumsta.nces for the reason mam_ly that 2 causal cir-
cuinétance is not merely what oné actually perceives, but also
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what one would perceive as a consequence of some experi-
mental test, and we cannot miake all the possibly relevail
experiments in any one case, or rather we cannot be sure thal

we have made them. In the situation of primary induction,

where we must give up expecting any assistance from em
pirical knowledge so long as we are aiming at universal con-
nections, induction by elimination can obtain nothing sufficient
from phenomena known incompletely to a degree also unknown.

It seems then that the doctrine which seeks in the infirma-
tive rejection of laws by contrary instances the only source of
induction should at this point be abandoned. The probability
that approximates certainty, and which appears accessible to
the natural sciences, must then be demanded principally from

the confirmative action of favourable instances, that is to say, |

from induction by the multiplication of instances.

But in confirmative induction, itself, the doctrine we are
studying is met again. That is, here again everything reduces
to elimination ; but it is an elimination which is only probable,

and which would operate in a manner unknown to us on the’

unknown portion of the instances. It isonly the probability of
this hidden elimination which would produce the apparently
direct confirmative torce of collections of favourable instances.
It is only by knowlédge of the probability of their diversity that
two cases indiscernible to us would count as more than one.
Reason favours this theory which Mr. Keynes has so well
expressed. -

First of all, we have shown that it requires the aid of some
principle diréctéd against the plurality of causes. We have
postulated that any character admits a unique cause, in order

to remove this preliminary difficulty and examine in its very |

principlé the theory of the probability of elimination.
Following this theory, all induction by repetition admits as

its ideal and limit a certain induction by elimination, below

which it always remains. _Cohsequently, wherever the deter-
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‘mination of a character by some other is @ priori probable

only to the degree p, the accumulation of instances cannot give
to the connection of two characters anything but a probability
lower than p; for this value is the maximum result that -
elimination itself can give. This we thought to be the case
in the domain of numbers. On the other hand, wherever
determinism distinguishes several partial classes in the heart
of the total class of the characters of an instance, by serially
ordering the circumstances of any instance into several sections
@y, @y, &, . . . and postulating as cerfain that every character
of one of these sections is entailed by some character of each
preceding section; and also by assuming that it is probadle only
to @ finite degree that it is entailed by some other character
of its own section (and consequently that it entails some other
character of its own section)—this is what Lachelier’s second

. principle amounts to—we have tried to prove that the accumu-

lation of instances, as far as they are pushed, cannot give to
the proposition that one character entails another any but a
finite probability. Now, such is the case with the phenomena
of nature. C
The conclusion we are led to is that neither in the domain of
numbers, nor in the realm of nature, does the probability of -
elimination, postulated as the only source of induction by the
repetition of instances, confer on this induction a force suffi-
cient to approximate certainty. But the repetition of instances
contained the only hope that remained to raise to pi'actiqal '
certainty the mediocre probability furnished by deliberate
elimination, employed on natural phenomena without any
acquired knowledge to direct or certify its operation. Thus

the theory which sees in invalidation either the overt or hidden

principle of all induction found itself incapable of conferring

‘on any law of nature an infinite probability. It does not allow

physics to exceed, no matter how carefully and perseveringly
it operates, a mediocre probability which is determined & priori.
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We cannot absolutely reject this result, in our present great
ignorance of the nature of induction, and consequently of its
power and limits. On the other hand, we can only admit it

+ if there exists no plausible theory allowing us to avoid it.

Now, we have examined no more than one theory, which

despite its advantages did not show itself reliable. Of the two

elementary operations that the mind thinks it discerns in the
relationship of facts to laws (izivalida.tion and confirmation)
only one of the two is admissible. For the mind tries to
reduce the confirmation of a law by the proper instances to

the invalidation of other concurrent laws. This doctrine,

embraced by reason at first, willy-nilly, leads to nothing but
a mediocre result, unfavourable to the natural sciences.

It is time to free ourselves from its prestige by observing
that if we had examined it before following it, we Wwould have
recognized it as an extreme, and nearly a gamble.

' There is then leit the other road to be tried. It'is possible

and natural to conjecture that the corroboration of a law by

its instances, viz. induction. by repetition, possesses a force
which comes elsewhere than from the probability of elimina-
- tion. This is what we must do if we wish, to speak with Plato,
-to try to “ save (Timeus) our knowledge of nature and to

" open to. it the approach at least, to certainty.
But this idea- bnngs us to a road where everythmg is still
unknown. It means, in fact, to give up the doctrine which
more or less distinctly, has dominated the thought of logicians,
It means that we must turn away altogether from the direction
‘in which the mind pursues first the explanation. of the con-
firmative force of instances, and ends finally in the analysis
of Mr, Keynés. We must seek elsewhere for an explanation
and an analysis; for we cannot claim that this force is explained
all alone. We remarked in the beginning: the invalidation of
a law by.a contrary instance is intelligible by itself, The mind
does not ask any question about its foundation or measure.

T
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It sees in invalidation a simple and decisive operation. On
the other side, the corroboration of a law by a favourable in-
stance does not have this clarity. Its value remains obscure.
The principle according to which the probability produced by,
a number of instances increasing to infinity would indefinitely
approximate certainty lacks evidence. It would require some
proof. Now, it does not seem that we can obtain from classic

- works the slightest aid in the discovery of such a proof. For

they all end with the theory of the probability of elimination;
and we have seen that this condemns the p0551b1hty of
certainty.

But a recent work offers us exactly what we are seeking: a
justification of induction by repetition and a proof that it
tends towards certainty when the number of instances in-
creases to infinity. This work is already known: it is this
same Treatise on Probability of Mr. Keynes, in which he sup-
ports the theory which we have presented and shown to be
fatal to this very principle, ‘

- We shall present the elegant theorems of Mr. Keynes, detach
them from a traditional philosophy definitely refuted by them,
and finally examine the proofs given by their author. We
shall see why one of them appears to us to be incorrect,
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MR. KeyNES’ theory rests on the fundamental axiom con-
cerning the probability of the conjunction of two propositions.
The simplicity of this foundation is remarkable.

Probability of the eonjunction of two propositions.—What is
the probability that two propositions p and g are both true ?
The answer often given is that it is the product of their two
probabilities. Now, it is not so in general, but only in the
particular case where these two probabilities are independent
of each other, that is to say, where the information that one
of the propositions is true would not increase or diminish the
probability of the other. On any other hypothesis it is clear
that the probability of p and ¢ together is no longer equal to
the product of their separate probabilities. In fact, if p
has g for its certain consequence, the probability of 4g is that
of p alone, And if $ has g for its probable consequence, the
joint probability of pg is even greater than the product. In-
versely, if p has non-¢ for a certain consequence, the probability
of p¢ is null; and if $ has non-g for a probable conséquence. the
probability of pg is still less than the product.

The probability of pg is therefore not a function of the initial
probabilities of $ and of ¢, but a fanction of the initial prob-
ability of p and of the probability of ¢ if . Or else, for
reasons of symmetry—{for even if $ and ¢ refer to events, g may
be known if we are given p-—it is a function of the’initial
probability of ¢ and of the probability of $, given g. Again
by symmetry this is the same function. This function is, as
before, the product of these two probabilities.

Designate by #/y the probability of » being concluded from
266

INDUCTION BY CONFIRMATION 267

v. Let & be the initially given premises or information known.
We'shali then postulate

Pa/h=p/h x qfhp=q/k X p/hq.
Such is the principle , it is at least infinitely plausible. We
shall notice that it is universaland independent of any a_,ssump-
tion or hypothesis whatsoever, '

Justification of induction by repetition.—Let $ be a general
proposition or law, % the initial probability at the moment
when it is considered to be indifferent whether no instance or
on the contrary any number of instances of the law is known.
Let ¢ be the proposition that the law is going to be verified in
the new instance E.

If the law p is true, g is certainly true also. We then have

g/hp=1.

_ Bk x g/hp=q/h % p/hq
then yields the equation

The principle

That is to say, the probability of the law before a verf,jicatim is
to the probability of the law after @ verification p/h: p/hg as the
probability of this verification itself g/h is fo certainty.

In order for the verification ¢ to render the law more prob-
able, we see then that it is'necessary and sufficient

() that p/h is not null, that is to say, that the law possesses
independently of this verification some probability, no matter how
weak 1t 1s ; ' )

(b) that q/h is less than unity, that is to say, that the verifica-

tion q does not follow with certainty from what is already known.

This theorem justifies induction by repetition.* It estab-

* Again we must not exaggerate the impoert of this purely theoretical
proposition. For it says that the accumnulation of the cases verifying
the law renders more probable its verification in all cases (and conse-
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lishes, besides, the dispensability of determinism as a premise.
Its strength does not come from a probability of elimination,
and even the probable variety of instances is not necessary.
- The result then is to overthrow the philosophy. which we
criticized before, and to which Mr. Keynes himself still remains
attached. Let us stop a ihoment to study thiese important
fONSequences..

- Induction by repetition does not have determinism for a
premise,—We haire, in fact, just proved that any verification
which was not certain in advance renders the law more prob-
able only on the condition that the law already possesses some
chance, however slight, of 'béing true. Let X and A be the
characters joined by the law. For the discovery of Ainagiven
case of X, where its presence could not have been predicted
with certainty from what was already known, i.e. to render

" X entails A more probable, _the' only assumption that ‘must
be made is, then, that X enfails A has already some probability -

p which is not null but as small as one wishes. This assump-
tion implies undoubtedly that the presence in any case of XA

--of some character entailing A has a probability of at least p.
For it is probable to this degree that X itself is such a char-
acter. But that is all that it implies. It does not imply that
the presence of such a character is cerfain.

Such induction by repetition requires only, in order to
increase the probability of the law X entails A, that X
should be detérmined with some degree of probability. | '

But in order to show that this kind of induction does not
have determinism as a premise, we must show again that the
law X entails A may attain by repetition a probé.bi]ity
higher than the initial probability of the determinism of A. -

quently, in any case); but not yet in all the cases STILL UNKNOWN, oI in
any-one of these cases, a point which is necessary to justify realinductions.
In'fact, the proof given supposes that the cases recognized as favonrable

. Temain part of the sum of the cases. It is no longer valid if we consider
only the sum of the cases still unknown.

 INDUCTION BY CONFIRMATION 269

Thatiseasy.. In fact, the injtial probability d of the presence
m any case of XA of some character entailing A should be
equal to or higher than the initial probability p/A of the law

' X entails A. 'We have the right to postulate it as simply equal.

It is sufficient to place one’s self in the hypothesis where we
would be sure that X alone can entail A. This particular
hypothesis does not prevent the application uf the. theorem:

the probability p/hg of the law X entails A after the new
verification g is therefore higher than its probability $/k before

this verification; and higher in respect of certainty than the

probability g/A of the verification g in the prior state of in-

formation k. But it is certain - that X alone can entail A: the

initial prdbability @ of the determinism of A is then precisely

equal to the initial probability p/k of the law X entails A.

The verification ¢ then confers on this law a prebability higher

than the initial probability of the deterniinism of A. That

proves, as we had proposed to show, that déterminism is not a

premise of induction by repetition.

- The foree of induction by repetition does not arise from a

. probability of elimination.—This results immediately from the
~ preceding proposition. For all that perfect elimination can
- establish is that X alone muy entail A. The law X entails A

would then be found to be heir to all of the initial probability of
A’s determinism, but.only of this probability, that being the

.maximum result attainable by elimination. Now we have

supposed it attained; and we have shown that the first new
piece of information enabled the probability to increase,
That can no longér arise because the new instance has a chance
to eliminate some concurrent character of X op the ground of

“its being a sufficient condition of A, since this elimination has

already. been completed. The logical mechanism of con-
firmation by instances does not therefore reduce itself to a
probability of elimination. ' '
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. Let us take, in pa.l,"ticular, the case where the existence of
some other character inseparably joined to A would be probable
to the degree p, and where we would have two instances of
XA not having any other character in common. These two
instances would embody what Mr. Keynes calls a perfect
analogy. Letting himself be guided by the doctrine of
elimination, he adds that no new instance could any longer
add anything to the probability of the connection of X and A *
But his own theorem demonstrates just the contrary; for it
shows that the verification of this connection in a third
instance, provided only that we could not have predicted it
with certainty, would make the law more probable than it was.
We can- never be sure, it is true, that two instances of XA

differ in all other respects, and we are surely inclined to think ‘

that if we looked carefully, we should find other similarities
in them. But the fact remains that the probable elimination
of these resemblances is not the sole origin of the favourable
operation of additional instances, since, even if we suppose
this elimination completed, new instances may yet continue
to fortify the law.

A new instance identieal with an aoquired or known instance
may render the Jaw more probable.—Let us conceive a universe

where two instances might be numerically two without

differing in any of their characters. This supposition isunreal,
and even absurd. However, it may serve to illustrate a thesis.
Mr. Kéynes_ himself employs it to this end when he asserts:
‘ If the new instances were identical with one of the former
instances, a knowledge of the latter would enable us to predict
it.” (Ibid., p. 236.) Consequently, the second would tell us
nothing, and hence, as a result of the theorem, would not
increagse the probability of the law. = It will then be permissible
for us also to have recourse tg the fiction of two identical

* A4 Treatise on Pyobability, p. 226.
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instances although we do it in order to deny precisely what
Mr. Keynes affirms from these examples.
‘Let us, first of all, determine exactly what makes two

.~ identical instances mutually inferrible. Given that the second

instance reproduces, with X, all the characters of the first
instance other than A, we should be certain that it also repro-
duces A, even before we have ascertained it. '
But it is evident that this certainty is nothing but #he very
certainty itself of the determinism of A. For what we should be
certain of; is that the total character, formed by the union of
all the characters which accompany A in one of ity instances,
entails A and cannot be reproduced without A.
Undoubtedly, such is the case in our universe and it is not
merely an assumption, simply and mainly because this total
character cannot in fact be reproduced. On the other hand,
in the fictive universe in which both Mr. Keynes and I dis-
course, he to assert that two identical instances would be

. inferable one from the other, and I to doubt the assertion, the

objection that might be raised about the identity of indis-
cernibles no longer.is relevant, and our aésumption_ becomes
quite real. _

Now, this assumption does not operate effectively on the
hypothesis of the theorem concerning us at present. This
hypothesis, it will be remembered, is only that X enfails A
must possess some initial probability, however slight it may
be. We then remain free to suppose the case where the
determinism of the character A would not be certain. It
would then not be certain that an instance of X presenting
all the charactess other than the A of an instance of XA
already known, must also present A. By virtue. of this
theorem, the establishment of the presence of A in this sécond
instance would then increase the probability of X enfails 4,
since this would be a new verification which could not have
been predicted with certainty.
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That is not all, - Let us even postulate as certain that A
is strictly determined. The discovery of an instance of XA
identical with an instance already acquired might agam
increase the probability of X entails 4, and that by virtue of

" Mr. Kéynes’ same theorem which at first seems to imply the
contrary,

Symbolize by L, M, N . . . the characters other than Xand A
of these two instances. The first instance being known, it is
certain that XLMN . .. entails A; the establishment of
A with XLMN . . . in the second instance does not add any-
thing to our knowledge. But the establishment of LMN with
X in this same case does teach us something; namely, it makes
the law X enfails LMN . . . more probable by being an
instance of it; - In fact the verification of this law in the
second instance does not depend with certainty on its verifica-
tion in the first. Otherwise it would be certain that al/ the
instances of XA were identical, and only one of these instances
would be sufficient to render X entails A certain, a hypothesis
which would make it futile to ever investigate any new
instances. :

QOutside of this hypothesis, too unnatural surely for any one

t¢ be long detained by it, an instance of AXLMN .
identical with a preceding case increases then the probability
of the law X entails LMN . . . when the law is recognized
as possible. Now, we'have postulated as certain that any X,
ifitis LMN .. ., entails A. The second instance of AXLMN
. . . makes it more probable that any X is LMN . . . so long
as the contrary is not rendered certain by the discovery of an
X which isnot LMN. . . . A second instance of AX identical
with the first, would therefore make the law X enfails A
mote . probable even if the determinism of A were stricily
certain. _

Mr. Keynes’ theorem has, therefore, a consequence precisely
opposite to what he himself thinks he draws, deceived by the
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traditional conception of the mechanism of induction. Far
from implying that two instances known to be identical can
count for no more than a single one, his theorem lmphes just
the contrary.

Most certainly, there are no identical cases and perhaps
there cannot be any. Mr. Keynes’ assertion was made only
to illustrate the doctrine that in a number of cases, it is only -~
their variety, certain or probable, which operates. Likewise,
we have just illustrated by means of the same fiction the con-
trary : thesis that 1n a number of instances, it is nof only their
vanety, certain or probable, which operates. And we have
shown this to be a direct consequence of Mr. Keynes’ own '
theorem,

Stats of the question.—In the first part of this chapter, we
cohvinced ourselves that the corroborative influence of col-
lections of instances of a law did not have to draw all its force
from a probability of elimination in order to approach certainty.
with regard to our inductive knowledge of the laws of nature,
including as a subsidiary the laws of number. The preceding
theorem establishes the fact that this cond1t10n of being
mdependent of elimination is actually satisfied. It makes
certain that induction by simple enumeration is not subjected
to the conditions of induction by elimination, and that it is
capable in principle of elevating the maximum result of the
latter. The question of approaching certainty through the
accumulation of instances is now reopened, under the very
conditions in which the doctrine of possibility of elimination

‘made this approach impossible. But it is hardly solved satis-

factorily. It is not yet proved that the multiplication of the
instances of a law confers a probability susceptible of attaining
and exceeding any fixed value,

Mr. Keynes thinks he has also proved this, but he does it

with the aid of a special postulate.
! - 18
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Two necessary and sufficient conditions for the probability
of a law to approach certainty by the multiplication of its

instances to infinity.—1I¢ is af first necessary that the law possess,

from the very start, a probability that is not null no matler how
small it may be. This condition is recognized as the one we
already know necessary for any increase in probability through
" instances. But in order for this probability to be carried
beyond any limit by an infinite number of instances, ¢ 43
necessary, bestdes, that on the hypothesis that the law s false, ifs
successive verification in an infinste number of cases s in-
findtely improbable ;! or in move precise terms, that its improba-
bility exceeds any Umit for a sufficiently large number of cases.

In fact, suppose that the law is verified in all the instances
known and that these instances are infinite in number. Either
the law is true or it is really false. Its truth would render
certain the fact of its verification in all these instances. If we
‘admit, in conformity with the above conditions, that the falsity
of the law rendered this same fact infinitely improbable and
that, besides, this falsity is not infinitely improbable by itself,
it follows that this fact, once established, renders the initial
law infinitely improbable. And this condition which is
sufficient is also necessary. ‘

All that results results directly from the axioms of prob-

ability. Let% ‘and% be the respective probabilities of the truth

- andof the falsity of the law $ in the state % of knowledge from
* which we start. Let V be the fact that the law is found to be
verified in an infinite number of cases not included in the
given information 4. Then V/kp and V/ip are the respective
probabilities that the law will be certainly verified an infinite
number of times relative to our present knowledge (%}, on
the two hypotheses respectively of the truth and falsity of
the law $. But V/ip is given as certain, and is hence equal
to unity. We are frying to find the probability $/4V or the
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degree of probability conferred on the law $ relative to our
knowledge % and the establishment of the fact V.
We have ' -
(z) V/h=p/h xV/hp +/h xV/hp

In fact, this means that the probability of V in our present
state of knowledge k is divided into the respective probabilities
of V on the two mutually exclusive and exhaustive alternatives
# and $, multiplied by the probabilities of these alternatives
themselves. This is a fundamental proposition of the logic of

" probabilities,

Now, the principle postulated at the beginning of this whole
developmen_t yields
DIk XV hp=pV =V /b x p/hV
By substitution (1) becomes
V/h=V/h xp/bV +p/h xV/hp
And by transposition, this becomes

- p/h xV/hp
p/iv—1-2/ ”Tf/TAg
B/h xV/@
) RUETIORTD:
The upshot of thié is that for the probability of p/kV to
increase towards unity or certamty when the number of veri-
fications constituting V increases to mﬁmty, we see then that

it is necessary and sufficient that /4 is not null and that V/ip
tends to become mull.

or

Replaeing the second condition by a condition that is only
sufficient.—Mr. Keynes substitutes for the condition that the
probability of verifications, of the falsity of # in the above
dlscusswu is not null i.e. ‘

V/ip >0
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a iore onerous condition which implies it, but is not implied
by it, and which he thinks can be satisfied with cer’cé.inty. Let
us show wherein the substituted condition is onerous.

The rule of the composition of two probabilities, applied
repeatedly with more and more verifications, gives for the joint
probability V/Ap of n verifications %,, %y, %, .. &z, relative
to the state of knowledge % and to the hypothesis of the falsity
of the law $ the value -

V/hF=t,%, . . . xn/ WP =t/ RE XX /WP X | . . X

' LD 27 NN A
that is to say: the probability of » successive verifications is
equal to the product of their probabilities being given the
probabilities of the preceding verifications.

The factors of this product are all less than unity. For the
product to approach zero as their number increases, it suffices
evidently for the factors not to approach unity but to remain
less than a fraction f, itself less than unity. That is, that
there exists a finite quantity ¢ such that we have, no matter
what # is,

/PP X %y . . L Em < It

Such is the condition Mr. Keynes tries to satisfy.

Tt is to be noticed that this condition is sufficient but no
longer necessary. For a product of an increasing number of
fractions may tend towards zero, whereas its factors tend to-
wards unity; for instance the product '

3
4 m4T

F ]
[SVN N

: #n . ' x
whose last term raric tends towards I, and whose value P (by

cancellation) tends no less towards zero (as » approaches
inﬁnity). : .
" We can then establish the fact, not only that on the hypo-
thesis () of the falsity of the law, is its vt_eﬁﬁcation in an infinite
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number of cases infinitely improbable, but in addition, that
on this hypothesis (#) not even an infinite number of positive
verifications will make it infinitely probable that the next tnstance
will again verify the law P. '

We have just seen that the condition is no longer a necessary
one. From the very first, it is doubtful whether our universe
satisfies such a condition. It amounts to saying that if we
know that a rule admits some exception, the observation of as
many millions or billions of successive verifications as you
please cannot reduce the chance below a fixed limit that the
next instance has of just being an exception. It asserts that
if we had once seen a man ten feet tall, the observation of as.
large a number of men as you please less than ten feet in height
couid not. then render as probable as you please that men
more than ten feet tall are as rare as you please; or else again,
that if we had demonstrated that two properties of numbers
are not always found together, the observation of their being
in connection in as large as multitude of numbers as one wants
to try, could not then make if as probable as one wants that
they will be found together in the next number. that will be
tried. Such is the condition Mr. Keynes asks in order that
the accumulation of instances in the absence of exceptions or
contrary proof, may make it as probable as one wants that any
man is less than ten feet tall or that two arithmetic properties
are to be found together. We shall agree that it ought to be
quite difficult to‘satisfy such a condition, However, he thinks
he can fulfil the condition, as weil as the fundamental con-
dition of the existence of an initial probability that is not null
in favour of the law $, by the aid of a very plausible postulate
which he calls the postulate of the limitation of independent
variety..

The postulate of the limitation of independent variety.—This

- postulate consists in assuming that the characters of the
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universe selected for consideration arrange themselves in a
Jinite number of groups, a certdin member of which entails the

- others. Mr. Keynes’ work shows a very interesting develop-

" ment of the character and range of this postulate,

It satisfles the first condition.—The upshot of -this postulate
is that any character X taken at random possesses @ priori a
finite chance of entailing the character A, also taken at random.
In fact, the character A possesses a finite chance of being a part
of one or of ;several groups taken at random, since the number
of these groups is finite. Hence, it possesses a finite chance of
being a member of the group or groups of which X is a part,
that is to say, A has a finite chance (not nuﬂ) of being present
in all the casesof X. The first condition would then beactually
satisfied.* : o

_ But does it also satisify the sesond condition? Mr, Keynes’
reasoning.—It is the second condition which produces a diffi-
culty. Let us analyze Mr. Keynes’ reasoning since he exhibits
it in his Treatise in a more condensed form (p. 254}.

The number of the individuals or instances in the domain of
natural phenomena-or numbers imay be conceived as infinite—
and it even ought to be so—since we are considering what the
probability of a law becomes at the limit when the series of
its instances is indefinitely prolonged. The number of the
characters of these instances, and even of a.ﬁy one of them,
- may also be infinite. What is finite, however, is only the
.number of the groups of characters entailed by a certain member
of the group, or in other terms, the number of the characiers suffi-
ctent to determine all the others.

" Consequently, the number of non-identical or distinct cases

* To speak in all rigour, it wounld be necessary to assume ﬁot only
that the mumber of groups of conmected characters is some finite
number ¥, but also that there is a finite probability that » is less than

a given number—than a billion, for instance. For if all the finite,

numbers have the same chances of being #, it is infinitely more probable
that x is higher.or lower than any assighed number, and hence not finite.
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is finite. ‘For it is in fact limited by the number of the com-
binations of these determinant characters. .
" Tt is on this basis that Mr, Keynes works: _

If the law p is false, he says, it is false in at least one case.
But the number of distinct cases, say N, is finite. On the
other hand, it is natural to admit by virtue of the principle of .
indifference, that it is-not more probable at any moment
whatsoever for the néw instance which is going to appear to
be one rathér than another of the existing cases. Hence, the
casé or cases invalidating the law p have, no matter at what

s mome’ﬁt, a chance of appeaﬂng equal foe =§, gnd we have for _

all the values of », N
B/ hPXKg o o o Kn, <T—¢

This reasoning rests on an unacceptable hypothesis.—The
nerve of the'argument is evidently the finitude of the number
of cases. From this finitude should in fact follow the _e;tistenqé
of a finite lower limit of the probability that the next case,
supposing it to be taken at random, is one of the exceptions to

- the law. Now, what is given as finite, is not the number of _the
: iridim'dml’m'ses but only the nwmber of the non-identical or

distinct cases, which we may call the number of the species, in-

' cluding énfime species. Mr. Keynes’ reasoning then takes for
' .'gran'ted that the cases which are not distinct, no mdtter how
large their nurber is, constitute no more than a single instance.

Now, this is such a strange assumption that we should
hesitate to attribute it to him, if we could doubt that his
reasbning requires it.

In fact, it comes down to this; the proportion of the in-
dividuals encountered in différent species cannot give any
indication of the frequency or rarity of these species in the
group of the individuals of a genus. If we have met with
only a single exception among as large a number as we please
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‘of individuals of species belonging to a genus, we cannot say
‘@ priori that it was more or highly probable that these species
are frequent in this genus, nor that any new individual of this
genus, taken at random, will be found to belong to these species.
Experience should then not be able to modify our initial
- ignorance about the relative importance of the existiﬁg species,
about the chances that there are that an unknown sample of
a genus belongs to one rather than to the other of its species.

Observation should not be able to teach us anything de muléis

et paucis (about what is frequent and what is rare). Such an
assumption is in truth unacceptable: and yet it is indispensable
to Mr. Keynes' argument, ‘

In fact, if we do not make this assumption his reasoning falls

asunder. For we have assumed that thelaw p, ** X entails 4,

is false. That is because there is at least one combination of
characters, one species, where X is found without A: and the
number of species is finite. It is then quite true that the
probability, by drawing a species of the genus X under con-
ditions where all are equally probable, that we shall find a
species without A, is at any moment whatsoever higher than
a finite value ¢. But we do not by any manner or means actually
draw a species, but, always an individual. And for the reasoning
o remain applicable, it would be necessary that it should be
equally probable at any moment, #nof that any one of the in-
dividuals of the genus X should be drawn, but really an in-
dividual which is a member of any one whatsoever of the species
of the genus X. Now, it seems to make good sense to say, if we
have always encountered among the individuals of the genus X
members of species containing A, and if that has happened
during as long a series of events as one pleases, that it is thereby
very probable (if not as probable as one pleases), that in the
heart of the genus X, species lacking A are rarer than species
containing A (if not as rare as one pleases). Consequently,
the individual of the genus X which is to appear, will be also
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of a species containing A, just because our ignorance allows all
individuals still unknown and belonging to the genus A the
same chances of appearing. '

The demonstration which Mr. Keynes based on the postu-
lated finitude of the number of species rests then on the as-
sumption, evidently contrary to the facts, that experience
changes nothing of the initial ignorance which makes us regard
an unknown individual of a genus as not having more chances
of belonging to certain species of this genus than to others.
That Mr. Keynes has let himself be misled by so ill grounded
a construction, seems to follow from the effect of his general
doctrine -about the necessary diversity of fruitful cases.
Although his assumption, while false in general, does apply to
the prdba.bi]ity of laws concerning the existence or non-
existence of certain species, it is fully absurd to apply it to the
frequéncy or rarity of existing species. We saw, when we
studied his first theorem, that Mr. Keynes remained attached
to a philosophy of induction incompatible with his positive
theory. But with the second theorem, this philosophy has
unfortunately introduced itself into his very argument and

vitiated it.

Present state of the problem.—It seems to us that we have .
shown that if elimination is the only source of inductien, as
logicians and good sense itself incline to believe, no induction
in favour of a law can exceed a mediocre probability. We also
think we have shown that elimination is not the sole source of
such inductions, and that the instances of a law have a corro-
borative force which is independent of elimination and of
determinism. Finally, we have tried to show that nobody
has been able to prove that these instances, by being multiplied
to infinity, can raise the probability of the law above any limit.
Such appears to us to be the present state of the logical problem

of induction.



