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/ Announcements & Such I \

Black Roots.

Administrative Stu 1
— HW #4 resubs are still being graded. Stay tuned...
— HW #6 is due Thurs. Final HW assignment! LMPL Proofs.

— Next week, | will be holding lectures. | will use them for both
review, and for some interesting “logic beyond 12A” topics.

Today: Chapter 6 — Natural Deductions in LMPL

— Introduction and Elimination rules for the quantifiers.
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The Rule of [=Elimination: Some Background I \

= It is useful to think of an existential claim [(0\)ov [@s a disjunction which
asserts that the predicate expression ¢ is satisfied by at least one object in
the domain (i.e., that the disjunction [qga [(¢pb [(pc [ 1)) s true).

= |n this way, we would expect the elimination rule for [ be similar to the
elimination rule for [ Tlhat is, we’'d expect the [ETule to be similar to the
[Exule. Indeed, this is the case. It’s best to start with a simple example.

= Consider the following legitimate elimination of an existential claim:

Problem is: (Ix)(Fx&Gx) F (Ix)Fx

i 1 (1) (Ix)(Fx&Gx) Premise
— Sequents and Theorems (SI/TI) for the quantifiers.
q ( ) d 2 (2) Fa&Ga Assumption
- Lots of proofs in LMPL! 2 (3) Fa 2 &E
. . . . 2 (4) (Ix)Fx 3 3l
K. Next: Two-Place predicates (i.e., binary relations) — “L2PL”". / \ 1 (5) (IX)Fx 1.2.4 3IE /
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K The Rule of [Elimination: Il \ / The Rule of =Elimination: Il \
= To derive a sentence & using the [Exule (with some existential « Here’s an illegitimate “ [=Elimination” step:
sentence [(1V)@v [),lwe must first assume an instance T of [(1V)@v [ 1 (1) (Ix)Fx Premise
« If we can deduce & from this assumed instance @T — using g g; E: irsesrﬂririetion
generalizable reasoning — then we may infer &2 outright. 23 (4) Fa&Ga 2.3 &l P
= It is because our reasoning from the instance T of [((IN) @V [(tb & ?’g Eg; ggggiggg ? 35”5 IE NOII

\_

does not depend on our choice of constant T (i.e., that our reasoning
from T to & is generalizable) that makes this inference valid.

When our reasoning is generalizable in this sense, it’s as if we are
showing that & can be deduced from any instance T of [(I\)@v []

As such, this is just like showing that & can be deduced from any
disjunct of the disjunction [q@a [(¢pb [(pc [_1))[ANd, this is just

like [Ereasoning (except that [Elonly requires one assumption).

_/
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This is not a valid inference: ([X)FXx,Ga CIX)(Fx & Gx)!

So, what went wrong here? The problem is that the inference to
‘(IX)(Fx & Gx)’ at line (5) does not use generalizable reasoning.

We can not legitimately infer ‘([X)(Fx & Gx)’ at line (5) from an
arbitrary instance [Eit [df ‘(X)Fx’. We must assume ‘Fa’ in
particular at line (3) in order to deduce ‘([X)(FX &Gx)’ at line (S)J
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/ The Rule of [Elimination: O [cial Definition. \

[-Elimination: If [(1V)ov [dccurs at i depending on ay,. .., an, an instance @t of
() v Cis assumed at j, and £ is inferred at k depending on by,..., by, then at line
m we may infer &2, with label ‘i, j, k [Eland dependencies {as,..., an} [{d,,..., by}/j:

a,...,an ()  (DJov
j (j) T Assumption
bi....by (K 2P

{ar...,an} Ciby,..., byMj (m) 2

Provided that all four of the following conditions are met:

i,j, k [E]

« T (in @T) replaces every occurrence of v in @v. [avoids fallacies]
« T does not occur in [(1)@v [ [generalizability]

= T does not occur in Z. [generalizability]
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\- T does not occur in any of by,..., by, except (possibly) @T itself. [generalizabilityy
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The Rule of [=Elimination: Nine Examples'

= Here are 9 examples of proofs involving all four quantifier rules.

1 (IX) [EX [I{DRgFx

(BY(Fx - A) LIXJFX - A
(B LGy - Fx) LQI(DB)GyY - FX]
(BI[Fx - (BAGy] LAX)(IFX - Gy)
A LOB)Fx CX)(A LEX)

() (Fx & [Ext) C(IX)IGX & [GX)
(BI[Fx - (BOILEY] CITIK)FX

(BB (Fx &Gy) LAV BOFX &Gy)
(DD (DFx &Gy) LDI(LY)(FX &Gy)

~

[p. 200, example 5]

[p. 201, example 6]
[p. 203, 1.#19 01
[p. 203, 1. # 20 1
[p. 203, 1. # 2 OO

[p. 203, 1. # 12 [}
[p. 203, I. # 5]

[p. 201, example 7]

[other direction]

J

UCB Philosophy

Chapter 6

04/27/10

Branden Fitelson

-

Philosophy 12A Notes 7

~

Proof of (1)

Problem is: (Ix)~Fx F ~(Vx)Fx

1 (1) (Ix)~Fx Premise
2 (2) (Vx)Fx Assumption
3 (3) ~Fa Assumption
2 (4) Fa 2 VE
2,3 (5) A 3,4 ~E
1,2 (6) A 1,3,5 3E
1 (7) ~(Vx)Fx 2,6 ~I
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Proof of (2)

(M
(2)
(3)
(4)
3 (5)
2 (6)
(7)

Problem is: (Ix)(Fx—=>A) F (Vx)Fx—>A

(Ix)(Fx=A)
(Vx)Fx
Fa—A

Fa

A

A
(Vx)Fx—>A

Premise
Assumption
Assumption
2 VE

3,4 -E
1,3,5 3E
2,6 -l

~

/
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Proof of (3)

Problem is: (Vx)(Vy)(Gy—Fx) F (¥x)((3y)Gy—Fx)
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Proof of (4)

Problem is: (Ix)(Fx=>(Vy)Gy) F (Ix)(Vy)(Fx~>Gy)

1 (1) (Vx)(Vy)(Gy—=>Fx) Premise 1 (1) (Ax)(Fx=>(Vy)Gy) Premise
2 (2) (3y)Gy Assumption 2 (2) Fa=(Vy)Gy Assumption
3 (3) Gb Assumption 3 (3) Fa Assumption
1 (4) (Vy)(Gy~-Fa) 1 VE 2,3 (4) (Vy)Gy 2,3 »E
1 (5) Gb-Fa 4 VE 2,3 (5) Gb 4 VE
1,3 (6) Fa 5,3 =E 2 (6) Fa-Gb 3,5 =l
1,2 (7) Fa 2,3,6 3E 2 (7) (Vy)(Fa—Gy) 6 VI
1 (8) (Iy)Gy~—Fa 2,7 =l 2 (8) (Ax)(Vy)(Fx-Gy) 7 3l
1 (9) (vx)((3y)Gy—Fx) 8 VI 1 (9) (Ax)(Vy)(Fx-Gy) 1,2,8 3E
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Problem is: (3x)(Fx&~Fx) F (Vx)(Gx&~Gx)
Problem is: Av(3x)Fx F (3x)(AvFx) 1 (1) (@x)(Fx&~Fx) Premise
2 (2) Fa&~Fa Assumption
1 (1) Av(Ix)Fx Premise 3 (3) ~Gb Assumption
2 (2) A Assumption 2 (4) ~Fa 2 &E
2 (3) AvFa 2 2 (5) Fa 2 &E
2 (4) (Ix)(AVFX) 3 3l 2 (6) A 4,5 ~E
5 (5) (Ix)Fx Assumption 2 (7) ~~Gb 3,6 ~I
6 (6) Fa Assumption 2 (8) Gb 7 DN
6 (7) AvFa 6 vl 9 (9) Gb Assumption
6 (8) (IX)(AVFX) 7 3 2 (10) ~Gb 9,6 ~I
5 (9) (IX)(AvFX) 5,6,8 3E 2 (11) Gb&~Gb 8,10 &l
1 (10)  (Ix)(AVFX) 1,2,4,5,9 VE 2 (12)  (vx)(Gx&~Gx) 11 v
1 (13) (Vx)(Gx&~Gx) 1,2,12 3E
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Proof of (8)
Proof of (7)
Problem is: (Vx)(3y)(Fx&Gy) F (3y)(Vx)(Fx&Gy)
Problem is: (Vx)(Fx=(Vy)~Fy) F ~(3x)Fx 1 (1) (¥x)(3y)(Fx&Gy) Premise
1 (1) (Vx)(Fx=>(Vy)~Fy) Premise ! (2)  (Qy)(Fa&Gy) 1 VE .
g 3 (3) Fa&Gb Assumption
2 (2) (Ix)Fx Assumption
. 1 (4) (Fy)(Fc&Gy) 1 VE
3 (3) Fa Assumption Y y .
1 (4) Fa=(¥y)~F 1 VE 5 (5) Fc&Gd Assumption
y)~ry 5 (6) Fc 5 &E
1,3 (5) (Vy)~Fy 4,3 -E
1,3 (6) ~Fa 5 VE 1 (7) Fc 456 3E
’ 3 (8) Gb 3 &E
1!3 (7) A 6,3 ~E
1,2 8) A 2,3,7 3E 1,3 (9) Fc&Gb 7,8 &l
1’ (9) ~(3x)Fx 2,8, - 1,3 (10) (Vx)(Fx&Gb) 9 vI
’ 1,3 (11)  QAy)(VX)(Fx&Gy) 10 3l
1 (12)  Ay)(VX)(Fx&Gy) 2,3,11 3E
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/ \ / Two LMPL Extensions of Sequent Introduction I \

= Here are two additions to our list of Sl sequents:

Proof of (9)

Problem is: (3y)(VXx)(Fx&Gy) F (Vx)(3y)(Fx&Gy)

(QS) One can infer [(X>)IpX [from (the logically equivalent sentence)
[T(I)x [&nd vice versa; and, that one can infer [(1X) Lk [(from
(the logically equivalent) TICIIX)tpx [_and vice versa.

1 (1) (y)(Vx)(Fx&Gy) Premise (BOIbex LTI(TE)@X; and, () Lk [TITIROpX (QS)
2 (2) (¥x)(Fx&Gb) Assumption (AV) One can infer a closed LMPL sentence s from (the logically equivalent

2 (3) Fa&Gb 2 VE sentence) P5'and vice versa, where s and pTare alphabetic variants.

2 (4) (Qy)(Fa&Gy) 3 13 Two formulas are alphabetic variants if and only if they di [Eflonly in a

1 (5) (Qy)(Fa&Gy) 1,2,4 3E (conventional) choice of individual variable letters (not kosher for

1 (6) (¥Yx)(Ty)(Fx&Gy) 5 Vi constants!). E.g., ‘( X)Fx’ and ‘( 3DFYy’ are (closed) alphabetic variants,

because they di [erlonly in which individual variable (X’ or ‘y’) is used,
but they have the same logical (i.e., syntactical) structure.
~)

Y -
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f The Value of (QS) — Its Four Simplest Instances' \

A [BJ][AILBlor; A LB][BLAl (DS) A - B [IIAICE] (Imp) TS R
A-B ETIR (MT) LA - B) [LRE [B1 (Neg-lmp) 1 (1) (¥0)~Fx  Premise |1 (1) ~(@xFx  Premise
A [Bl- A (PMI) A& (B [C) [T{A&B) [(A&C) (Dist) 2 (2) (IFx Ass 2 (2) Fa Ass
3 (3) Fa Ass 2 (3) (Ix)Fx 2 3l
[AICAI- B (PMI) A [(B&C) [IIA [B)& (A [T) (Dist) 1 (4) ~Fa 1 VE 1,2 (4) A 1,3 ~E
. 1,3 (5 A 4,3 ~E 1 (5) ~Fa 2,4 ~I
A LAl (DN) LAl (EFQ, or [EJl 1,2 (6) A 2353 |1 (6) (WO~-Fx 5 Vi
[(A&B) CLIKICIE]  (DEM) A CEICBICA (Com) @ -0 26 -
[(A [B) [[IA& [B] (DEM) [[AN B I TRICB] (SDN) (3x)~Fx r ~(V)Fx —(V0Fx F (3x)-Fx
[(IAIIB) [[AK B (DEM) A [CBICCIOCAICBICCAIC LB  (SDN) 1 (1) (3x)~Fx Premise | 1 (1) -(¥Fx Premise
[(TAR [(B) [(TBICE]  (DEM) (AT TE] (LEM) 2 (2) (¥Fx  Ass 2 Eii S
3. () -Fa Ass 3 (4) (30-Fx 3 3
(BAlCpXx [CILOK)ex  (QS) () CpXx CCCIBOpX (Q9) 2 (4) Fa 2 VE 23 (5) A 2,4 ~E
2,3 (5) A 3,4 ~E 2 (6) ~~Fa 3,5 ~I
g o (AV) 12 (6) A 1353 |2 () Fa 6 DN
T (@) ~(WFx 26~ |2 (B (WO [
In (Com), ‘ [_chn be any binary connective except ‘-’. In (SDN), ‘ C_chn be any binary 1’2 E?é) A~~(3x)~Fx 12'3 :lE
wnnective. In (AV), Y must be closed, and yHmust be an alphabetic variant of . j \ 1 (11)  (3x)~Fx 10 DN j
UCB Philosophy Chapter 6 04/27/10 UCB Philosophy Chapter 6 04/27/10
Branden Fitelson Philosophy 12A Notes 19 Branden Fitelson Philosophy 12A Notes 20
Proof of (1)
Three Examples Involving the LMPL S| Extension (QS)I
1 (1) [[O)IEX Premise
= Here are three examples of proofs involving Sl (QS): 2 (2) [MOX)Fx Assumption
1. [(IIEt C(IX)F X [p. 207, #7 (11 2 (3 (DBQIEX  231(Qs)
1,2 (4 L[4 1,3 [E1
2. Fx & Gx [GX, Fz - [GZ .205,ex. 1
LR ( ) LX) (DOGy LAz )Ip ] 1 (5 CHBOFx 2.4 (1
3. (X)Fx - A LIX)(Fx - A) [p. 205, ex. 2] 1 (6) (IXFx 5 DN
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Proof of (2)
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Proof of (3)

1 (1) [OK)(Fx & Gx) [(IIX) [GX Premise
2 (29 (DBoBy Premise
3 (3 [(IX)(Fx & GX) Assumption Problem is: (Vx)Fx—=A + (Ix)(Fx—=A)
3 (4) (CXI(EK&GX) 31 (QS) _
1 (1) (Vx)Fx=A Premise
3 (0 UEk&Ga) 4 1] 1 (2) ~(¥X)FxvA 1Sl (Imp)
3 (6) [FAaLIGa 5 SI (DeM) 3 (3) ~(Vx)Fx Assumption
3 (7)) Fa- [Ga 6 SI (Imp) 3 (4) (3x)~Fx 3 SI(QS)
5 (5) ~Fa Assumption
3 8 Fz - [GZ 7 11
: (9) (|i\;(EGZSk ) A . 5 (6) Fa—A 5 SI (PMI)
© () ssumption 5 (7) (3X)(Fx=A) 6 3l
10 (10) [Ga Assumption 3 (8) (Ax)(Fx—A) 4,57 3E
2 (11) Ga 2 [E1 9 9 A Assumption
210 (12) [ 10, 11 [E1 g 2103 Ea—;? ) 9OS| (PMI)
11 Ax)(Fx—A 10 3l
2,10 (13) ([2HFz - [GR) 12 Sl (EFQ) ] (12) (I0(Fxoh) 238911 oF
29 (14) ([XD(Fz - [GR) 9,10, 13 [E]
\ 12 (15 ([DFz - [G2) 1,3,8,9, 14 [E] / \ j
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The Value of (AV) I

= Here are the two simplest instances of (AV):

(VX)Fx F (Vy)Fy

(3Ix)Fx F (Ay)Fy

1
1
1

M
(2)
(3)

(Vx)Fx Premise
Fa 1 VE
(Vy)Fy 2 vl

(1) (Ix)Fx Premise
(2) Fa Ass

(3) @y)Fy 2 3l

(4) QQy)Fy 1,2,3 3E

N

= Here's an (AV)-aided proof of the following sequent

(BJFx, (BOFy - (BJBy L(AZ)6z

~

_/
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1 (1) (IX)Fx Premise
2 (2) (bOFy - (DOGy  Premise
1 (3 (BoFy 18I (AV)
12 (4) (DBY 23-E
12 (5 ([DBz 4 81 (AV)
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