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/ Announcements & Such I \

e Steel Pulse.

= Administrative Stu ]
— HW #4 resubs are still being graded. Stay tuned...
— HW #5 resubmission is due today (follow models on handout).
- HW #6 is posted. Final HW assignment! LMPL Proofs.

— From now on, my o [ce hours are: 4-6pm Tuesdays.

e Today: Chapter 6 — Natural Deductions in LMPL
— Introduction and Elimination rules for the quantifiers.
— Sequents and Theorems (SI/TI) for the quantifiers.

- Lots of proofs in LMPL!
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/ Natural Deduction Proofs in LMPL' \

« The natural deduction rules for LMPL will include the rules for LSL that
we already know (viz., Ass., &E, &l, -E, -1, [EJLL, DN, [EJ1C,D¥F.).

« Plus, we will be adding 4 new rules. We will need both introduction and
elimination rules for each of the two quantifiers ([L1CE] CIL_TE)]

* As in LSL, the system will be sound and complete (140A!). That is, [Cwill
apply to the same sequents that [Cddes in our semantics for LMPL.

= We begin with the simplest: the introduction rule for (I} Intuitively,
if we have proved ¢t for some individual constant T, then we may
infer that ¢ is true of something (e.g., that () @X).

= E.g., if we've proved ‘Pa & Qa’, we may validly infer ‘() (P X & Qx)’.

= We may also infer ‘(IX)(Pa&Qx)’ and ‘(X)(Px & Qa)’ from ‘Pa&Qa’.

e Next: Two-Place predicates (i.e., binary relations) — “L2PL”". . . .
K p ( y ) \- These (and similar) considerations lead us to the [fule ... J
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K The Rule of CImtroduction ' \

Rule of Imtroduction: For any sentence T, if @T has been inferred at
line j in a proof, then at line k we may infer [(0V) v [ 1abeling the line ‘]
[Iand writing on its left the numbers that occur on the left of j.

ai,...,an () ot

ai,...,an (k) (DJev j O
Where [(O1V)@v i obtained syntactically from @t by:
= Replacing one or more occurrences of T in @T by a single variable v.

= Note: the variable v must not already occur in the expression @T.
[This prevents double-binding, e.g., ‘(DY (XJ(Fx & Gx)'.]

= And, finally, prefixing the quantifier [(1\2) [Cih front of the resulting

\ expression (which may now have both [Wilsland [Tl[Sloccurring in ity
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/ The Rule of [-Ellmination .

Rule of [=Ellmination: For any sentence [(I\)ipv [dnd constant T, if

~

[(I)tpv [Has been inferred at a line j, then at line k we may infer ¢, labeling

the line ‘j CEZBNd writing on its left the numbers that appear on the left of j.

ai,...,an () (DOipv

ai,...,an (K oT j CEO
Where T is obtained syntactically from [(1\)tpv [By:
= Deleting the quantifier prefix [(I)I]

= Replacing every occurrence of v in the open sentence @v by one and the
same constant T. [This prevents fallacies, e.g., ( (X){Fx & GX) [Eh & Gb.]

= Note: since ‘ [nleans everything, there are no restrictions on which

\ individual constant may be used in an application of [E]

/
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/ An Example Proof Involving Both iand ﬁ \

Let’s prove that ( X)(Fx - Gx),Fa [((IIX)([GX - HX).
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/ The Rule of [=Inkroduction: Some Background. \

= |t is useful to think of a universal claim [(IZ)tpv [ds a conjunction which
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1 (1) (¥x)(Fx—=Gx) Premise asserts that the predicate expression ¢ is satisfied by all objects in the
2 (2) Fa Premise domain of discourse (i.e., the conjunction [@a & (@b & (@c &...)) s true).
3 (3) ~Ga Assumption
4 (4) ~Ha Assumption = So, in order to be able to introduce the universal quantifier (i.e., to
1 ) Eg; ga—>Ga ; ZVE : legitimately infer [(Iu)tpv [ih a proof), we must be in a position to prove
il a ’ - H HVH H H H
12,3 7) A 36 ~E T, for any individual constant T. This is called generalizable reasoning.
1,2,3 (8) ~~Ha 4,7 ~I - Consider the following legitimate introduction of a universal claim:
1,2,3 (9) Ha 8 DN )
1,2 (10) ~Ga-=Ha 3,9 -l Problem is: (Vx)(Fx=>Gx), (Vx)Fx F (Vx)Gx
1,2 (11)  (IX)(~Gx~Hx) 10 31
1 (1) (Vx)(Fx-=>Gx) Premise
= This example illustrates a typical pattern in quantificational proofs: 2 (2) (Vx)Fx Premise
quantifiers are removed from the premises using elimination rules, 1 (3) Fa=Ga 1 VE
sentential (viz., LSL) rules are applied, and then quantifiers are ? 2 Eg; 22 g 4VE_)E
\ reintroduced using introduction rules to obtain the conclusion. J \ 1:2 (6) (vx)Gx 5, ” /
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/ The Rule of [:Inkroduction: Il \ / The Rule of [:=Inkroduction: Il \

= We can legitimately infer ‘( X)IGx’ at line 6 of this proof, because our
inference to ‘Gb’ is generalizable — i.e., we could have deduced [Gt [
for any individual constant T — using exactly parallel reasoning.

= However, consider the following illegitimate “ [z-Inkroduction” step:

1 (1) (vx)(Fx—>Gx) Premise

2 (2) Fb Premise

1 (3) Fb-Gb 1 VE

1,2 (4) Gb 2,3 -E

1,2 (5) (vx)Gx 4 vi NO!!

« This is not a valid inference, since ( >X)I(Fx - Gx),Fb CCIX)Gx!

= So, what went wrong? The problem is that the inference to ‘Gb’ at (4)
is not generalizable. We can not deduce [Gt (3 for any T — from

\ the premises ‘( >Q(Fx - Gx)’ and ‘Fb’. We can only infer ‘Gb’. J
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Rule of [=Inkroduction: For any sentence @T, if @T has been inferred at a line
j, then provided that T does not occur in any premise or assumption whose line
number is on the left at line j, we may infer [(X)pv [At line k, labeling the line
‘j Iand writing on its left the same numbers as occur on the left at line j.

ap,...,an @) ot

ai,...,an (k) (Dopv j O3
Where [(A)ipv 16 obtained by:

= Replacing every occurrence of T in T with v and prefixing [(AIA)I]
[Again, ‘every’ prevents fallacies, e.g., (>XJ)(Fx - GX) LI IV(FX - Gy).]

= T does not occur in any of the formulae a;,. .., an. [ensures generalizability]
\- v does not occur in @T. [prevents double-binding] /
UCB Philosophy Chapter 6 04/22/10




Branden Fitelson Philosophy 12A Notes

-

The Rule of [=Inkroduction: Four Examples'

= Here are four examples of LMPL sequents involving the three
quantifier rules we’ve learned so far ([(L1CE,and [1)1

~
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Proof of (1)

Problem is: (Vx)(Fx=>Gx) F (Vx)Fx=>(Vx)Gx

1 (1) (Vx)(Fx=Gx) Premise
2 (2) (Vx)Fx Assumption
(1) (BXUFx - Gx) C(IX)Fx - (x)Bx 1 (3) Fa-Ga 1 VE
2 (4) Fa 2 VE
2) [IK)(Fx & Gx) [(IX)IFx - [GX
@) (Fx &9 * ) 1,2 (5) Ga 3,4 SF
(3) IB)Fx [(IIX) [Ex 1,2 (6) (¥x)Gx 5 VI
(4) (COIFx - (BY] CON VXFx - Gy) 1 (7) (¥x)Fx=>(¥x)Gx 2,6 -l
UCB Philosophy Chapter 6 04/22/10 UCB Philosophy Chapter 6 04/22/10
Branden Fitelson Philosophy 12A Notes 11 Branden Fitelson Philosophy 12A Notes 12
Proof of (3)
Proof of (2)
Problem is: ~(Vx)Fx F (Ix)~Fx
Problem is: ~(3x)(Fx&Gx) F (Vx)(Fx=>~Gx)
1 (1) ~(Vx)Fx Premise
1 (1) ~(3x)(Fx&Gx) Premise 2 (2) ~(3Ix)~Fx Assumption
2 (2) Fa Assumption 3 (3) ~Fa Assumption
3 (3) Ga Assumption 3 (4) (Ix)~Fx 3 4l
2,3 (4) Fa&Ga 2,3 &l 2,3 (5) A 2,4 ~E
2,3 (5) (Ix)(Fx&Gx) 4 3l 2 (6) ~~Fa 3,5 ~I
1,2,3 (6) A 1,5 ~E 2 (7) Fa 6 DN
1,2 (7) ~Ga 3,6 ~I 2 (8) (V¥x)Fx 7 VI
1 (8) Fa—~~Ga 2,7 -l 1,2 9) A 1,8 ~E
1 (9) (Vx)(Fx=~Gx) 8 Vi 1 (10) ~~(3Ix)~Fx 2,9 ~I
1 (11) (3Ax)~Fx 10 DN
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Proof of (4)

Problem is: (Vx)(Fx=>(Vy)Gy) + (Vx)(Vy)(Fx->Gy)
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/ The Rule of [=Elimination: Some Background I \

= It is useful to think of an existential claim [(0\)ov [@s a disjunction which
asserts that the predicate expression ¢ is satisfied by at least one object in
the domain (i.e., that the disjunction [qga [(¢pb [(pc [ 1)) s true).

= |n this way, we would expect the elimination rule for [ be similar to the

1 (1) (Vx)(Fx=>(Vy)Gy) Premise elimination rule for [That is, we'd expect the [EXule to be similar to the
12 g; IEZ%(Vy)Gy ’?‘S%‘Empt'on [Exule. Indeed, this is the case. It’s best to start with a simple example.
1,2 (4) (Vy)Gy 3,2 -E - Consider the following legitimate elimination of an existential claim:
1,2 (5) Gb 4 VE .
1 (6) Fa-Gb 2,5 -l Problem is: (Ix)(Fx&Gx) F (Ix)Fx
1 (7) (Vy)(Fa—Gy) 6 Vi .
1 (1) (Ix)(Fx&Gx) Premise
1 (8)  (¥x)(Vy)(Fx=Gy) [l 2 (2) Fa&Ga Assumption
2 (3) Fa 2 &E
2 (4) (Ix)Fx 3 3
\ J \ 1 (5) (Ix)Fx 1,2,4 3E /
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K The Rule of [=Elimination: Il \ / The Rule of [=Elimination: Il \

= To derive a sentence using the [ETule (with some existential sentence
() v O, Jwe must first assume an instance ¢@T of [(IV)@v []

« If we can deduce from this assumed instance ¢t — using
generalizable reasoning — then we may infer outright.

« It is because our reasoning from the instance ¢t of [(1\)@v [Ib does
not depend on our choice of constant T (i.e., that our reasoning from @t
to is generalizable) that makes this inference valid.

= When our reasoning is generalizable in this sense, it’s as if we are
showing that can be deduced from any instance ¢t of [(0V)opv []

« As such, this is just like showing that can be deduced from any
disjunct of the disjunction [q@a [(¢pb [(¢pc [_1))[ANd, this is just

\ like [Ereasoning (except that [Elonly requires one assumption). /
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= Here’s an illegitimate “ [=Elimination” step:

1 (1) (Ax)Fx Premise

2 (2) Ga Premise

3 (3) Fa Assumption

2,3 (4) Fa&Ga 2,3 &l

2,3 (5) (3x)(Fx&Gx) 4 3|

1,2 (6) (Ix)(Fx&Gx) 1,3,5 3E NO!!

« This is not a valid inference: ((X)Fx, Ga C(X)(Fx & GXx)!

= So, what went wrong here? The problem is that the inference to
‘(IX)(Fx & Gx)’ at line (5) does not use generalizable reasoning.

= We can not legitimately infer ‘([X)(Fx & Gx)’ at line (5) from an
arbitrary instance [Eit [df ‘(X)Fx’. We must assume ‘Fa’ in

\ particular at line (3) in order to deduce ‘([X)(FX &Gx)’ at line (S)J
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/ The Rule of [Elimination: O [cial Definition. \

[-Elimination: If [(1V)ov [dccurs at i depending on ay,. .., an, an instance @t of
[()v 06 assumed at j, and is inferred at k depending on b;,..., by, then at line m
we may infer , with label ‘i, j, k [Eland dependencies {a;,..., an} [{0,,..., bu}/j:

a,...,an ()  (DJov
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The Rule of [=Elimination: Nine Examples'

= Here are 9 examples of proofs involving all four quantifier rules.

1 (IX) [EX [I{DRgFx

[p. 200, example 5]

<

: 2. (X)(Fx - A) [(IX)Fx - A [p. 201, example 6]
j i ot Assumption
3. (X YXGCy - Fx) C(IX)[(BAGY - Fx] [p. 203, 1. #19 11
bi....bu (K 4. (BJ[Fx - (BOBY] LAX)(DNFX - Gy) [p. 203, I.#20 (]
: 5 A [[((IX)Fx COX)(A [CEX) [p. 203, 1. #2 011
{82, an} ... bl (M) bk IR 6. (J(Fx & [Ext) [(TO(GxX & [GX) [p. 203, 1. # 12 [T}
) reptaues every occunroncs af v . avords fallcies 7 (DOTFx - (I)IEY] CTTFx p.203, 1.4
* T does not occur in [(1)@v [ [generalizability] 8. (B (Fx &Gy) LI)(BIFx &Gy) [p. 201, example 7]
- T does not occur in . [generalizability] 9. ((DXFx &Gy) LDI(LVY)(FX &Gy) [other direction]
\- T does not occur in any of by,..., by, except (possibly) @T itself. [generalizabilityy \ j
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Proof of (1)

Problem is: (Ix)~Fx F ~(Vx)Fx

1 (1) (Ix)~Fx Premise

2 (2) (Vx)Fx Assumption
3 (3) ~Fa Assumption
2 (4) Fa 2 VE

2,3 (5) A 3,4 ~E
1,2 (6) A 1,3,5 3E

1 (7) ~(Vx)Fx 2,6 ~I

\_ /
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Proof of (2)

Problem is: (Ix)(Fx—=>A) F (Vx)Fx—>A

(1) (Ax)(Fx=A)
(2) (Vx)Fx
(3) Fa=A
(4) Fa
3 (5) A
2 (6) A
(7) (¥X)Fx—>A

_=MNPMNhDWN =

o

Premise
Assumption
Assumption
2 VE

3,4 -E
1,3,5 3E
2,6 -l

~

/
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Proof of (3)

Problem is: (Vx)(Vy)(Gy—Fx) F (¥x)((3y)Gy—Fx)
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Proof of (4)

Problem is: (Ix)(Fx=>(Vy)Gy) F (Ix)(Vy)(Fx~>Gy)

1 (1) (Vx)(Vy)(Gy—=>Fx) Premise 1 (1) (Ax)(Fx=>(Vy)Gy) Premise
2 (2) (3y)Gy Assumption 2 (2) Fa=(Vy)Gy Assumption
3 (3) Gb Assumption 3 (3) Fa Assumption
1 (4) (Vy)(Gy~-Fa) 1 VE 2,3 (4) (Vy)Gy 2,3 »E
1 (5) Gb-Fa 4 VE 2,3 (5) Gb 4 VE
1,3 (6) Fa 5,3 =E 2 (6) Fa-Gb 3,5 =l
1,2 (7) Fa 2,3,6 3E 2 (7) (Vy)(Fa—Gy) 6 VI
1 (8) (Iy)Gy~—Fa 2,7 =l 2 (8) (Ax)(Vy)(Fx-Gy) 7 3l
1 (9) (vx)((3y)Gy—Fx) 8 VI 1 (9) (Ax)(Vy)(Fx-Gy) 1,2,8 3E
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Problem is: (3x)(Fx&~Fx) F (Vx)(Gx&~Gx)
Problem is: Av(3x)Fx F (3x)(AvFx) 1 (1) (@x)(Fx&~Fx) Premise
2 (2) Fa&~Fa Assumption
1 (1) Av(Ix)Fx Premise 3 (3) ~Gb Assumption
2 (2) A Assumption 2 (4) ~Fa 2 &E
2 (3) AvFa 2 2 (5) Fa 2 &E
2 (4) (Ix)(AVFX) 3 3l 2 (6) A 4,5 ~E
5 (5) (Ix)Fx Assumption 2 (7) ~~Gb 3,6 ~I
6 (6) Fa Assumption 2 (8) Gb 7 DN
6 (7) AvFa 6 vl 9 (9) Gb Assumption
6 (8) (IX)(AVFX) 7 3 2 (10) ~Gb 9,6 ~I
5 (9) (IX)(AvFX) 5,6,8 3E 2 (11) Gb&~Gb 8,10 &l
1 (10)  (Ix)(AVFX) 1,2,4,5,9 VE 2 (12)  (vx)(Gx&~Gx) 11 v
1 (13) (Vx)(Gx&~Gx) 1,2,12 3E

-

/
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Proof of (7)

Problem is: (Vx)(Fx=(Vy)~Fy) F ~(3x)Fx
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Proof of (8)

Problem is: (Vx)(3y)(Fx&Gy) F (3y)(Vx)(Fx&Gy)

1 (1) (vx)(3y)(Fx&Gy) Premise
1 (1) (VO)(Fx=>(¥y)~Fy)  Premise : Egg gé)éga&‘;y) [
2 (2) (Ix)Fx Assumption 1 2 IV)(FC&G 1 VE P
3 (3) Fa Assumption (4)  (3y)(Fc&Gy) .
1 (4) Fa—(Vy)~Fy 1 VE 5 (5) Fc&Gd Assumption
13 (5) (vy)~Fy 4,3 >E ; o)k 3,56 3
1,3 (6) ~Fa 5 VE (7) Fc &
’ 3 (8) Gb 3 &E
13 (7) A 6,3 -E 13 9) Fc&Gb 7.8 &l
1,2 (8) A 2,3,7 3E , (9) Fc :
1 (9) ~(3Ix)Fx 28 - 1,3 (10) (Vx)(Fx&Gb) 9 vI
’ 1,3 (11)  QAy)(VX)(Fx&Gy) 10 3l
1 (12)  Ay)(VX)(Fx&Gy) 2,3,11 3E
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Proof of (9)
Problem is: (3y)(VXx)(Fx&Gy) F (Vx)(3y)(Fx&Gy)
1 (1)  Ay)(vx)(Fx&Gy) Premise
2 (2) (Vx)(Fx&Gb) Assumption
2 (3) Fa&Gb 2 VE
2 (4) (Jy)(Fa&Gy) 3 13l
1 (5) (Jy)(Fa&Gy) 1,2,4 3E
1 (6) (Vx)(Ay)(Fx&Gy) 5 vi

-
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