Branden Fitelson Philosophy 12A Notes 1

/ Announcements & Such' \

e Branden is in Chicago all of this week. He’ll return next week.

e HW #2 resubmissions are due Today (4pm, drop box).
[1 Please attach your original assignment to your resub!
- See my “HW Tips & Guidelines” Handout. [We’re now caught-up.]

[ Make sure you have problem #12 from p. 33 of the 4" printing.
It’s about the Mayor’s election (and the council members).

HW #3 has been posted. 1st-submission is due next Thursday.

I have posted a handout with solutions to (some of) the lecture
problems on logical truth, logical falsity, equivalence, consistency, etc.

I have also posted a handout on the “short” truth-table method, which
we will be going over in lecture sometime very soon.

a

Today: Chapter 3, Continued (Truth-Table methods for validity testing)/
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/‘Semantic Equivalence, Contradictoriness, etc.: Relationships\l

e What are the logical relationships between "p and g are equivalent’, "p
and g are consistent', "p and q are contradictory’, and 'p and g are
inconsistent'? That is, which of these entails which (and which don’t)?

Equivalent Contradictory
Jy 2 1 Jy 2 1
Consistent Inconsistent

e Answers:
1. Equivalent #» Consistent (example?)
2. Consistent # Equivalent (example?)
3. Contradictory = Inconsistent (why?)
\ 4. Inconsistent # Contradictory (example?) /
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/ Semantic Equivalence: Example #1 I

e Recall that "p unless q' translates in LSL as "~g — p .
e We've said that we can also translate "p unless g’ as "p v q'.

e This is because "~q — p' is semantically equivalent to "p v q'.
We may demonstrate this, using the following joint truth-table.

\- Thus, ~qg - p 9= p Vv q.

P 4| ~4 — P |PVA
T Tl L T T T
T LT T T T
L Tl L T 1 T
L L1l T L1 1

e The truth-tables of "p vgq' and "~q — p' are the same.

~

/
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Semantic Equivalence: Example #2 I

e "p — q" is an abbreviation for "(p — q) & (q — p)".

e The following truth-table shows it is a legitimate abbreviation:

p a| p-a) & (@@-p)|pr-q
T T T T T T
T 1 1 1 T 1
1 T T 1 1 1
1 1 T T T T

e 'p-gq and (p — q) &(q — p)' have the same truth-table.

e Thus,p ~ g=(p - q) &(q - p).

\_ /
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/ Semantic Equivalence: Example #3 I \

e Intuitively, the truth-conditions for exclusive or (&) are such
that "p @ g is true if and only if exactly one of p or g is true.

e | said that we could say something equivalent to this using our
V, &, and ~. Specifically,Isaidp o g =2 (p Vv q) &~(p &q).

e The following truth-table shows that this is correct:

p aqa| (pvag) & ~p&q) | peq
T T T 1 1 1
T 1 T T T T
1 T T T T T
1 1 1 1 T 1

\. 'poq and "(p Vv q)&~(p &q)' have the same truth-table. /
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A<~ BaE(A&B) Vv (~A & ~B)

/ ‘ Some More Semantic Equivalences I

e Here is a simultaneous truth-table which establishes that

~

A B|A - B||lA & B) v (~ A & ~ B)
T T4|T T T}|Y|T T T T L T L L T
T LT L+ L} T L 1 L L T L T 1
L TjYL L T Lr L T L T L L L 7T
L +LfylLr T LY r L L T T L T T 1
e Can you prove the following equivalences with truth-tables?

- ~(A&B)=g9=~AV ~B

- ~(AVB)94= ~A&~B

- Ad4=(A&B) vV (A& ~B)

- A= A& (B — B)

\ - A=AV (B&~B) /
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/ A More Complicated Equivalence (Distributivity) I \

e The following simultaneous truth-table establishes that

p&gqvr)aE(p&q) Vv (p &r)

& (gvr) |l (p&q) (p &)

T T

<

i i S S R R R

S R R S e

e T ST R S R S

e e e
T T S SRR R

i T T I S

- - F o

T T S S S R

o i S S S

\- This is distributivity of & over V. It also works for v over &. /
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/ ‘ The Exhaustive Truth-Table Method for Testing Validity I \

e Remember, an argument is valid if it is impossible for its premises to be
true while its conclusion is false. Let pq,..., pn be the premises of a LSL
argument, and let g be the conclusion of the argument. Then, we have:

P1

p is valid if and only if there is no row in the simultaneous
n

S q
truth-table of p1,..., pn, and g which looks like the following:

atoms premises conclusion

I R 20
B

e We will use simultaneous truth-tables to prove validities and

\ invalidities. For example, consider the following valid argument: /
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/ atoms

premises

A

—

Conclusion\

T

T

S RN ESRI IS

H |||

S RN ESRI IS

1

H ||| o

1

1

1

1

2. Write out the symbolized argument (as above).

||

1

[1 VALID — there is no row in which A and A — B are both T, but B is

e In general, we’ll use the following procedure for evaluating arguments:

1. Translate and symbolize the the argument (if given in English).

3. Draw a simultaneous truth-table for the symbolized argument,
outlining the columns representing the premises and conclusion.

4. Is there a row of the table in which all premises are T but the
conclusion is L? If so, the argument is invalid; if not, it’s valid.

\- We will practice this on examples. But, first, a “short-cut” method. /
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/ ‘ The “Short” Truth Table Method for Validity Testing I I \

e Consider the following LSL argument:

A —- (B&E)
D—- (AVF)
~E
..D—B

e This argument has 3 premises and contains 5 atomic sentences.
This would lead to a complete truth-table with 32 rows and 8
columns (this will be far more than 256 distinct computations).

e As such, the exhaustive truth-table method does not seem
practical in this case. So, instead, let’s try to construct or
“reverse engineer” an invalidating interpretation.

e To do this, we “work backward” from the assumption that the
\ conclusion is L and all the premises are T on some row. /
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/

Step 1: Assume there is an interpretation on which all three \
premises are T and the conclusion is L. This leads to:

A

‘B‘D‘E‘FHA -~ B&E‘D - (A\/F)‘~EHD—»B
I R

Step 2: From the assumption that ~E is T, we may infer that
both E and B & E are 1. This fills-in two more cells:

‘B‘D‘E‘F A—»B&E‘D — (A\/F)‘~E D - B
1

Step 3: Now, the only way that A — (B&E) can be T (as we’ve

N R

assumed) is if its antecedent A is L. This yields the following:

A
1

\_

'B|D|E|F|A - B&E|D -~ (AvE) |~E| D-B
BEERE

T _L‘ T ‘TH_L

/
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e Step 4: Now, D — B can be L (as we’ve been assuming) if and
only if D is T and B is L (just by the definition of —). So:

A‘B‘D‘E‘FHA — B&E‘D — (A\/F)‘~EHD—»B
L‘J_‘T‘J_‘ HJ_T L‘TT ‘TH 1

e Step 5: Then, D — (A v F) can be T (as we’ve assumed) only if
its consequent A Vv F is T, which gives the following:

A‘B‘D‘E‘FHA — B&E‘D - (A\/F)‘~EHD—»B

L‘J_‘T‘J_‘ HJ_T L‘TT T ‘TH 1
e Step 6: Finally, since A is 1, the only way that A v F can be T is
if Fis T, which completes our construction!

A‘B‘D‘E‘F
1 T
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/ ‘ The “Short” Truth Table Method for Validity Testing II ' \

e Consider the following LSL argument:

~AV (B - C)
E—- (B&A)
C - E
C- A

e Let’s try our “short” truth table method on this one.

e Step 1: Assume there is an interpretation on which all three premises
are T and the conclusion is L. This leads to the following partial row:

A|B|C|E|~A v (B—-C) |E — (B&A) |C—-E|C—A
T T T T R

e Step 2: Now, there are two ways the conclusion C < A can be false:

-~ Casel: Cis Tand Ais L.

\ - Case 2: Cis L and Ais T. /
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4 N

e Step 2 (Case 1): Cis T and A is L. This leads to the following:

A|B|C|E||~A v B-0O |E - (B&A|C-E|C-A
DR IR

e Step 3 (Case 1): Now, the only way to make E — (B& A) T is to make E 1.
But, this contradicts constraints already forced on our construction!

A|B|C|E|~A v B-C |E - (B&A|C—-E | C~A
J_‘ |T‘L||T T |¢ T 1 |T/J_!!H 1

o All this shows (so far) is that there is no row in which all the premises are
T and the conclusion is L by way of C being T and A being L. But, this
does not yet show that the argument is valid! We must also check Case 2.

e Step 2 (Case 2): Cis 1L and A is T. This leads to the following, initially:

A|B|C|E||~A v B-C|E - (B&A)|C-E|C-A
N T R

\_ _/
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e Step 3 (Case 2): If Ais T, then ~A is 1. So, making ~A Vv (B — C) T will
require making B — C T, which implies that B is L:

A|B|C|E||~A v B-C|E - (B&A) |C—-E||C~A
TlL| L] | L 0T T | T T L

e Step 4 (Case 2): Since B must be 1, so must B& A. As a result, the only way
to make E — (B&A) T is to make E 1. Success!!

A|B|C|E|~A v (B-C |E - (B&A) |C—-E||C~A
TlL| L] L] L 0T T LT Lo T 1

e S0, we have found a row in which all premises are T and the conclusion
is 1. Thus, the argument is invalid after all!

e The moral of this example is that we must exhaust all possible ways of
constructing an invalidating row, until we either find one (invalid) or we
have shown that all possible constructions lead to contradiction (valid).

e Let’s look at a case of a valid argument.

\_ /
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/ The “Short” Truth Table Method for Validity Testing III ' \

Consider the following LSL argument:

(A&B) v (A&C)
A& BV O)

Let’s try our “short” truth table method on this one.

Step 1: Assume there is an interpretation on which the premises is T

but the conclusion is L. This leads to the following partial row:

A|B|C| (A&B) Vv (A&C)||A & (BV()
N T L

Already, we have to break this down into cases, since there are three
ways the premise can be T and also three ways the conclusion can be 1.

- Casel: Ais L and Bv Cis 1.

- Case 2: AisTand BV Cis 1.

\ - Case 3: Ais L and Bv Cis T. /
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e Step 2 (Case 1): Ais L and BV Cis L. This leads to the following:

A|B|C| (A&B) v (A&C) | A & (BVC()
L T I

e Step 3 (Case 1): If Ais 1, then so are both conjunctions A & B and A & C,
which contradicts our assumption that the premise is 7! Dead end.

A|B|C| (A&B) v (A&C)||A & (BVC)
J_‘ \ H 1 T/ 1 H L1 1

e S0, Case 1 contains no counterexamples to the validity of the argument.
This does not imply that the argument is valid! We must check all cases
before we can conclude that an argument is valid. On to Case 2...

e Step 2 (Case 2): Ais T and B Vv C is L. This leads to the following:

A|B|C| (A&B) v (A&C) | A & (BVCO)
L T R

\_ /
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e Step 3 (Case 2): If Bv Cis 1, then both B and C are 1, which leads to both
conjunctions A & B and A & C being 1 — contradiction — another dead end.

A|B|C| (A&B) v (A&C)||A & (BVC)
T‘J_‘J_H 1 T/ 1 HTJ_ 1

e We cannot yet conclude that the argument is valid! On to Case 3...

e Step 2 (Case 3): Ais L and B Vv C is T. This leads to the following:

A|B|C| (A&B) v (A&C) | A & (BVC()
L T I

e Step 3 (Case 3): If Ais 1, then so are both conjunctions A & B and A & C,
which contradicts our assumption that the premise is 7! Dead end.

A|B|C| (A&B) v (A&C)||A & (BVC)
J_‘ \ H 1 T/ 1 H L1 1

e Finally, we see the argument is valid (no cases yield counterexamples).

\_ _/
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The “Short” Method for Constructing Interpretations: Handout Problem #1 '

e Question: A — (CVE).,B—Dr (AVB) — (C— (DVE)).

Philosophy 12A Notes 19

\_

Answer: A - (CVE),B—-Dw(AVvB) - (C—- (DVE)).

Step 1: Assume there is an interpretation on which the premises is T
but the conclusion is L. This leads to the following partial row:

A|B|C|D|E| A-(CVE) | B~D || (AvB)~(C—(DVE))
T T :

Step 2: There’s only one way the conclusion can be L, which leads to:
A|B|C|D|E| A-(CVE) | B~D || (AvB)~(C—(DVE))
LT Tl T

Step 3: There’s only one way C — (D Vv E) can be 1, which leads to:

A|B|C|D|E| A~(CVE) | B~D || (AvB)~(C—(DVE))
T T T T T

_/
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e Step 4: There’s only one way D Vv E can be 1, which leads to:

A|B|C|D|E| A-(CVE) | B=D | (AvB)~(C—(DVE))
‘ |T‘J_|J_HT |TJ_H T 1T1 1

e Step 5: Since D is 1, the only way B — D can be T isif Bis L:

A|B|C|D|E| A-(CVE) | B-D || (AvB)~(C~(D VE))
LT L T | LTL || T LTL L

e Step 6: Since Cis T, sois C Vv E, which makes A — (C v E) T regardless
of the truth-value of A. So, I will just let A be T, and then we’re done.

A|B|C|D|E]| A-(CVE) | B-D || (AvB)~(C~(D VE))
T‘L|T‘J_|J_HTTT |J_TJ_H T 1T1 1

e When reporting your answer, all you need to do is give the single row
that serves as a counterexample. Here, I recommend you include the
quasi-columns that you used to calculate the truth-values in the row.

e Verbal explanations are optional. Here’s the detailed handout solution.

_/
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/Answer.A—»(C\/E),B—»DI#(A\/B)—»(C—»(D\/E)) \

Explanation.? Assume that ‘A - (CVE)'is T,‘B—- D’is T, and

‘AVB) - (C—- (DVE))is L.Inorder for ‘(AvB) - (C - (DVE))tobe
1, both ‘A v B’ and ‘C’ must be T, and both ‘D’ and ‘E’ must be L. This
guarantees that the first premise is T (since ‘A — (C Vv E)’ must, at this
point, have a T consequent). We can also make the second premise T,
simply by making ‘B’ 1. So, as the following single-row truth-table shows,
we have succeeded in finding an interpretation on which ‘A — (C v E)’ and
‘B — D’ are both 7, but ‘(AvB) - (C - (DVE))is L. QED.

A|lB|c|D|E| A~(cvE) | B~D | (AvB)~(C~(DVE))

7 o[ rrrre [are| rrooriass

4You do not have to show all of your reasoning in cases like this one, where the argu-
ment is invalid (i.e., where ). I am just showing you all of my reasoning to give you more
information about how these kinds of problems are solved. All you need to do here is report
an interpretation (i.e., a single-row) which invalidates the inference. But, when you do so, I
\recommend filling-in all of the quasi-columns to make explicit all of the calculations requiredJ
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The “Short” Method for Constructing Interpretations: Handout Problem #2 '

?
Question: A - (Bv(C),B—-D,D - CE A < D.

Answer: A - (Bv(C),B—-D,D -« C=A - D.

Step 1: Assume there is an interpretation on which the premises is T
but the conclusion is L. This leads to the following partial row:

A|B|C|D]| A~BvC) | B-D | D~C | A~D
IR T T

Already, we have to break this down into cases, since there are (>) two
ways each premise can be T and also two ways the conclusion can be 1.

- Casel: Ais Tand D is 1.

- Case 2: Ais Land Dis T.

\_ /
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e Step 2 (Case 1): If Ais T and D is 1, then we have the following:

A|B|C|D| A~BvC) |B~D |D~C | A~D
T | L || TT TL | LT | TLL

Step 3 (Case 1): Now, the only way for B — D to be T is for B to be L.
And, the only way for D < C to be T is for C to be 1, which yields:

AlB|c|D| A~BvO) | B-D | D~C| A-D

T‘ ‘ ‘ H TT 1 J_‘J_TJ_‘J_TJ_‘TJ_J_

Step 4 (Case 1): But, we need A —~ (B V C) to be T, which means we need
B v C to be 7. However, this contradicts our assumptions — dead end!

A|B|C|D| A~B v C)|B-D |D~C | A~D
T‘J_‘J_‘J_H TTLT/11 ‘J_TJ_‘J_TJ_‘TJ_J_

As usual, we cannot infer — yet — that this argument is valid.

¢ We must continue on with an examination of Case 2 ...

\_ /
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e Step 2 (Case 2): If Ais 1L and D is T, then we have the following:

A|B|C|D| A~BvC) |B-D |D-C | A~D
L [T LT OTT | TT | LLT

e Step 3 (Case 2): Now, the only way for D < C to be T is for C to be T,
which forces B v C to be T, contradicting our assumptions — dead end!

A|B|C|D|A - (BVC)|B-~D |D~C | A~D
L | T T LT/ TT ] TT | TTT | LLT

e Since both of the two possible cases lead to a dead-end (i.e., a
contradiction), we may (finally) infer that this argument is valid.

e For valid arguments, you must give a verbal explanation of your “short”
method answers. The handout contains two model solutions.

e Here’s what the model solution on the handout looks like for this
problem. Note: there are no “partial rows” included in the solution. You
may include these (as in the lecture notes above), but you need not.

\_ /
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Answer. A - (Bv(C),B—-D,D -« C=EA < D.

Explanation. Assume ‘A - (Bv(C)'isT,'B—-D’is T,‘'D -« C’is T, and
‘A - D’1is 1. There are exactly two ways in which ‘A < D’ can be 1:

1. ‘A’ is T, and ‘D’ is L. In this case, in order for ‘D < C’ to be T, ‘C’ must
be 1. And, in order for ‘B — D’ to be T, ‘B’ must be L. This means that
the disjunction ‘B v C’ must be 1. So, in order for ‘A < (BVv C)’ to be T,
we must have ‘A’ L as well, which contradicts our assumption. So, in
this first case, we have been forced into a contradiction.

2. ‘A’is 1, and ‘D’ is T. In this case, in order for ‘D < C’ to be T, ‘C’ must
be T. But, if ‘C’ is T, then so is ‘B v C’. Hence, if ‘A <« (B v C)’ is going
to be T, then ‘A’ must be T, which contradicts our assumption. So, in
this second (and last) case, we have been forced into a contradiction.

.. There are no interpretations on which ‘A -« (Bv (C)’,'‘B - D’,and ‘D - (C’
areall Tand ‘A~ D’is 1. So, A~ (Bv(C),B—-D,D -~ CEA < D. n

\_ _/
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/ ‘ Presenting Your “Short-Cut” Truth-Table Tests I \

e In any application of the “short” method, there are two possibilities:

1. You find an interpretation (i.e., a row of the truth-table) on which all the
premises pq, ..., pn of an argument are true and the conclusion g is
false. All you need to do here is (i) write down the relevant row of the
truth-table, and (ii) say “Here is an interpretation on which pq, ..., pn
are all true and ¢ is false. So, p1, ..., pn .. q is invalid.”

2. You discover that there is no possible way of making pq, ..., pn true
and g false. Here, you need to explain all of your reasoning (as I do in
lecture, or as Forbes does, or as I do in my handout). It must be clear
that you have exhausted all possible cases, before concluding that p;,

.., Pn .. q 18 valid. This can be rather involved, and should be spelled
out in a step-by-step fashion. Each salient case has to be examined.

\. Consult my handout and lecture notes for model answers of both kindsJ
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