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Overview of Today’s Lecture I \

Today’s Music: Cymande

The mid-term is tomorrow, 6/10 (in class). Bring blue books!

— I've posted (and discussed) a sample mid-term. It has the same
structure and complexity as the actual mid-term (good study guide).

I have posted HW #3, which is due on tomorrow @ 4pm in the drop box.

— It’s all chapter 3 problems — truth-table methods for validity-testing.

I posted revised versions of lecture #6 and my “short method” handout.

MacLogic — a useful computer program for natural deduction.

— You might want to download MacLogi c at this point...

— We’'ll be using it very soon (and for the rest of the term) ...

— See http://fitelson.org/maclogic.htm
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Happily, our system of natural deduction rules is sound and complete:\
— Soundness. If p Cglthen p [ql[no proofs of invalidities!]

— Completeness. If p [Cglthen p [Cql[proofs of all validities!]

We will not prove the soundness and completeness of our system of

natural deduction rules. | will say a few things about soundness as we
go along, but completeness is much harder to establish (140A!).

We’ll have rules that permit the elimination or introduction of each of
the connectives &, -, [II,_d within natural deductions. These rules
will make sense, from the point of view of the semantics.

A proof of g from p is a sequence of LSL formulas, beginning with p
and ending with g, where each formula in the sequence is deduced from
previous lines, via a correct application of one of the rules.

Generally, we will be talking about deductions of formulas g from sets

of premises p1,...

,Pn. We call these [ph, ..., pn [CgI’'ssequents. J
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K Truth vs Proof ([\3 : EII \

« Recall: p gl [Ciflis impossible for p to be true while q is false.

= We have methods (truth-tables) for establishing [Cahd [Cclhims. These
methods are especially good for [clhims, but they get very complex for
[clhims. Is there another more “natural” way to prove [’s3 Yes!

< In Chapter 4, we will learn a natural deduction system for LSL. This is a
system of rules of inference that will allow us to prove all valid LSL
arguments in a purely syntactical way (no appeal to semantics).

e The notation p [qdmeans that there exists a natural deduction proof of
q from p in our natural deduction system for sentential logic.

- [pl CgTis short for [pldeductively entails q[]

= While [Chas to do with truth, [Cdbes not. [Chas only to do with what

\_
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can be deduced, using a fixed set of formal, natural deduction rules. /
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The Rule of Assumptions (Preliminary Version) I

« Rule of Assumptions (preliminary version): The premises of an

argument-form are listed at the start of a proof in the order in which
they are given, each labeled ‘Premise’ on the right and numbered with
its own line number on the left. Schematically:

() P

= We can see that our example proof begins, as it should, with the three

Premise

premises of the argument-form, written as follows:

1 (1) A&B Premise
2 (2) C&D Premise
3 (3 (A&D) - H Premise

\_
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/ The Rule of &-Elimination (&E) I \

< Rule of &Elimination: If a conjunction [pI& qCdccurs at line j, then at
any later line k one may infer either conjunct, labeling the line ‘j &€’ and
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writing on the left all the numbers which appear on the left of line j.
Schematically:

ai,...,an () Ppé&q ai,...,an () pé&q
. OR .

ai,...,an (K p j &E ai,...,an (K q j &E

= We can see that our example deduction continues, in lines (4) and (5),
with two correct applications of the &-Elimination Rule:

1 (4 A 1&E

2 (5) D 2&E
\_ J
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/ The Rule of --Elimination (HE)I \

« Rule of —-Elimination: For any formulae p and q, if [pl - q[dccurs at a
line j and p occurs at a line k, then g may be inferred at line m, labeling
the line ‘j, k -E’ and writing on the left all numbers which appear on the
left of line j and all numbers which appear on the left of line k.

[Note: We may have either j < k or j > k.]

ai,..., an ) pP-q

bl!"'r bU (k) p

ai,...,an, b1,...,bu (M) (g j, k -E

= Our example deduction concludes (we indicate the end of a proof with a
‘4’), in line (7), with a correct application of the - -Elimination Rule:

\ 1,2,3 (7) H 3,6-E+ J
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K The Rule of &-Introduction (&I)I \

* Rule of & Introduction: For any formulae p and q, if p occurs at line j
and g occurs at line k then the formula [pl& q Crhay be inferred at line
m, labeling the line ‘j, k &I’ and writing on the left all numbers which
appear on the left of line j and all which appear on the left of line k.
[Note: we may have j <k, j =k, or j = k. Why?]
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ai,-.,an () P
bi,....,bu (k) q

ai,...,an, b1,....,by (M p&q j k&l

= We can see that our example deduction continues, in lines (6), with a
correct application of the &-Introduction Rule:

K 1,2 (6) A&D 4,5&l /
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/ How to Deduce a Conditional: | ' \

= To deduce a conditional, we assume its antecedent and try to deduce its
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consequent from this assumption. If we are able to deduce the
consequent from our assumption of the antecedent, then we discharge
our assumption, and infer the conditional.

e To implement the -1 rule, we will first need a refined Rule of
Assumptions that will allow us to assume arbitrary formulas “for the
sake of argument”, later to be discharged after making desired
deductions. Here’s the refined rule of Assumptions:

« Rule of Assumptions (final version): At any line j in a proof, any
formula p may be entered and labeled as an assumption (or premise,
where appropriate). The number j should then be written on the left.
Schematically:

\ i 0 p Assumption (or: Premise) /
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/ How to Deduce a Conditional: Il — The -1 Rule. \

< Now, we need a formal Introduction Rule for the -, which captures the
intuitive idea sketched above (i.e., assuming the antecedent, etc.):

* Rule of --Introduction: For any formulae p and q, if q has been
inferred at a line k in a proof and p is an assumption or premise
occurring at line j, then at line m we may infer [pl » q[labeling the line
‘j, k -1 and writing on the left the same assumption numbers which
appear on the left of line k, except that we delete j if it is one of these
numbers. Note: we may have j <k, j > k, or j = k (why?). Schematically:

i 0 p Assumption (or: Premise)

all"'lan (k) q

k {ai...., an}/j (r;1) pP-a jk-I j
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Examples Involving &E, &l, -E, and -1 I

= Can you deduce the following, using &E, &l, -E, and -1?

A-B
(A&B) - C B&C
@ A-C (b) ()
LAl (B -~ C) LA -B)&A-C)
CAl- (B&C)
A-B A&(B&C) A-B
(d) (e) f
[(A&C) - (B&C) CAl- (B - C) CAl- (C - B)

\
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2,3
1,3
1,23
1,2

N

)
&)
®3)
4
®)
(6)
7
(8)

e Let’s do a deduction of:

K Using The -1 Rule: Another Example'

LA-B)-MA-C)

A_ (B-C)
A_B

A

B

B-C

c

A_C
(A-B)-(A-C)

Premise
Assumption
Assumption
2,3 -E

1,3 -E

4,5 -E

3,6 -1l

2,7 -1+

\

/
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B&C
A

B

C

A_B

A-C
(A-B)&(A - C)

\_

One? Solution to (c) (not solved in the text) I

Premise
Assumption
1&E

1&E

2,3 -1

2,4 -1

5 6¢&l 4

aThere are many, many correct deductions of any valid argument.

~

J
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One Solution to (d) (not in the text) I

1 1) A-B Premise
2 (20 A&C Assumption
2 3 A 2 &E
@ 2 @ c 2 &E
1,2 (5 B 1,3 -E
1,2 (6) B&C 5,4 &l
1 (7) (A&C)- (B&C) 2,6-14

- j
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Proofs by Contradiction and the Rules for : I 1 \

If assuming p leads us to a contradiction, then we may infer [TIp1l]
[Note: This was implicit in our “short” truth-table method.]

This style of proof is called proof by contradiction (or reductio ad
absurdum). It is a very powerful technique that we’ll see often.

In our natural deduction system, the introduction and elimination
rules for negation ([Tahd [E)kllow us to perform reductios.

We use the symbol * [Ib indicate that a contradiction has been
deduced (i.e., that both p and [TlpTHave been deduced, for some p).
We call * [The absurdity symbol. [added to the lexicon of LSL]

With these preliminaries out of the way, we're ready to see what the

negation rules look like, and how they work.. . j
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K Important Tips For Using the -1 RuIeI \

e Use -1 only when you wish to derive a conditional [pl - q[]
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« To derive [pl - qlsing -1, assume the antecedent p and try to
prove the consequent g. Always assume the whole of p, not just
a part of it (like one of the conjuncts of a conjunction).

= When a conditional [pl - g[is derived by -1, the antecedent p
must always be a formula which you have assumed at a
previous line: it cannot be a formula that you have derived
from other things. This is because it must be discharged.

= When you apply -1, remember to discharge the assumption by
dropping the assumption number on the left.

* Check that the last line of your proof does not depend on any
K extra assumptions you have made besides your premises. J
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/ The Elimination Rule for ! ' ] \

Rule of CElimination: For any formula q, if [TIgITHas been inferred at a
line j in a proof and g at line k (j < k or j > k) then we may infer ‘ [ak
line m, labeling the line ‘j, k [E7lnd writing on its left the numbers on
the left at j and on the left at k. Schematically (with j < k):

ap....,an () [
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blv-"! bu (k) q

ai,...,an, b1,...., by (M) [ j, k E]

= Note: we have added the symbol ‘ [ib the language of LSL. It is
treated as if it were an atomic sentence of LSL. We can now use it in

\ compound sentences (e.g., ‘A -~ [T TTdtc.). J

06/09/08
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/ The Introduction Rule for ! I ] \

Rule of [=Idtroduction: If ‘ [hias been inferred at line k in a proof and
{ai1,..., an} are the assumption and premise numbers ‘ [_depends upon,
then if p is an assumption (or premise) at line j, [Tlplthay be inferred at
line m, labeling the line ‘j, k [IT_and writing on its left the numbers in the
set {ai,..., an}/]j.

j 0 p Assumption

ar,...,an (K [

{far,...,an}j (m) [Opd j, k O

e [Ti3 used (typically with [E)io deduce [TlpIMia reductio ad absurdum,
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Using The Rules [Tand [EJExample #1'

e Let’s construct a proof of the sequent: [BT_TTA & B).

1 (1) mB1 Premise
2 (2) A&B
2 3 B 2 &E

1,2 4) [ 1,3 [E1
1 (5) [(A&B) 2,4 01#

Assumption

k by (i) assuming p, (ii) deducing ‘ [-and (iii) discharging the assumptioy

UCB Philosophy
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Using The Rules [MTand L[EJExample #2 I

* Let’s construct a proof of: [{(A&B) (A - [B)

1 (1) [A&B) Premise

2 2 A Assumption
3 3 B Assumption
2,3 (4 A&B 2,3¢&l
1,2,3 (5) [ 1,4 [E1
1,2 (6) [B1 3,5 1

1 (7) A-[B1 2,6-14

N /
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K The Rule of Double Negation (DN)I \

= Negation is an odd connective in our system. It not only has an

introduction rule and an elimination rule, but it also has an
additional rule called the double negation (DN) rule.

e The DN rule says that we may infer p from CIILpI_Without this
DN rule, we would not be able to prove certain valid LSL

argument forms — e.g., [(A& [B)I [ (A - B).

Rule of Double Negation: For any formula p, if CIILTHas been
inferred at a line j in a proof, then at line k we may infer p, labeling
the line ‘j " and writing on its left the numbers to the left of j.

ai,...,an () L[]
ai,...,an (K) p j DN

N\ /
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< In fact, this is the only strategy that will work!

k. Let's prove [(A& [B) [ (A - B).

An Example which Requires DN: | I

= Consider the valid LSL form (A& [B) (A - B). If we try to
prove this without using DN, we’ll quickly get “stuck”.

= We would begin by (i) writing down ‘ [{(A & [B)I as our only
Premise, then (ii) assuming ‘A’ and trying to deduce ‘B’.

= But, since ‘B’ has no main connective, it’s not clear how in the
world we could possibly prove it. Without a main connective to
introduce using an -1 rule, we have no way to derive ‘B’.

= But, ‘ [TR7ldoes have a main connective (‘ CJ1So, we could use
[T1Ib prove ‘ [ITB7]and then use DN to infer ‘B’.

~

/
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An Example which Requires DN: Il

1 (1) [[A&I[B) Premise

2 (2) A Assumption
3 (3 [E1 Assumption
2,3 (4 A&IE] 2,3¢l
1,2,3 (5 L[ 1,4 [E1
1,2 (6) [IB] 3,5 11
1,2 (7) B 6 DN
1 8 A-B 2,71+

N /
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1
2
3
1,2
1,2
1,2

o

(1) B
(2) -B
(3) ~A
(4) A
(5) ~~A

(6) A

Another Example Requiring DN: Using MacLogicI

e Here is a (MacLogic generated) proof of: B, [BAl

Premise
Premise

Assumption

2,1 ~E
3,4 ~I
S5 DN

N O

NG
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Important Tips For Using the Negation Rules' \

If you are trying to derive a formula with ‘ ["ak its main connective, use [TTb obtain
it. l.e., assume the formula within the scope of the ‘ [Cahd try to derive [Cus$ing [E1

When you apply [Ldlhe formula which you infer must be the negation of a premise
or an assumption. It cannot be the negation of a formula which has been deduced.

If one of your premises or assumptions has ‘ [_ak its main connective, it is likely
that its role in the proof will be to be one of a pair of contradictory formulae in an
application of [EIYou should therefore consider trying to derive the formula
within the scope of the ‘ [_fb get the other member of the contradictory pair.

If you are trying to deduce a sentence-letter and there is no obvious way to do it,
consider trying to derive its double-negation and then use DN. Last Resort!

At this point, you should only assume a formula p if you are trying to deduce its
negation or trying to deduce a conditional with p as antecedent. Only make an

assumption when you’ve figured how you're going to use [Idr -I to discharge it.J
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K Cautionary Remarks about Reductio Proofs' \

= Once you have deduced a contradiction ( [)ih the course of a proof,
you can subsequently deduce any formula p via [Tanhd DN.

= But, such a deduction may depend on various assumptions, which
means they won’t be proofs from the premises alone. From last time:

1 (1) [A&B) Premise

2 (2 A Assumption
3 (3 B Assumption
2,3 (4) A&B 2,3¢l
1,2,3 (50 [ 1,4 [E1
1,2 (6) [B1 3,5 1

1 (7) A-[BE1 2,6-14

\_ _/
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/ General Strategy — Working in Both Directions' \

= Begin by writing the premises (if any) at the top of your scratch
paper area, using the Rule of Assumptions.

= Then, write the conclusion (the main goal formula) you're trying to
derive at the bottom of your scratch area.

= Next, determine what the main connective (if any) of your
conclusion is, then apply the introduction rule for that connective.

= This will yield sub-goal formula(s). Write the sub-goal formula(s)
directly above your conclusion. Then try to figure-out how to prove
the sub-goal formula(s) from your premises.

* This will yield sub-sub-goal formula(s). And soon ...

* Repeat this process until you have worked your way all the way
back up to your premises/assumptions (if a formula is resisting

\ proof, you might try to prove its double-negation using [TWith EEy
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K- You might be tempted to think that you could prove A - [BVia D}
and DN after step (5). You can deduce it in this way, but you get:

1 (1) [CAa&B) Premise
2 (2 A Assumption
3 (3 B Assumption
2,3 (4 A&B 2,3¢&l
1,2,3 (5) L[ 1,4 [E1

6 (6) [A- [B) Assumption
1,2,3 (7)) [@A- [B)Y 6,5 11
1,2,3 (8 A - [E] 7 DN
= This does not help. We need to prove A - [Bfrom (1) alone, not
from (1), (2), and (3). [Note: (1)-(3) is an inconsistent set.]

= Lesson: A strategy for proving the conclusion from the premises
k alone requires discharging all assumptions that are not premises. j
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/ Example Proof of a Theorem I \

= Using only the rules we have learned so far, we should be able to prove
the following theorem: [CI(A& CA). Let’s do this one by hand first.

= Here’s a simple proof, generated using MacLogic (I'll show how):

Problem is: + ~(A&~A)

1 (1) A&~-A Assumption (!)
1 (2) ~A 1 &E
1 (3) A 1 &E
1 (4) A 2,3 ~E
(5) ~(A&~A) 1,4 ~I

= This proof makes use of no premises, and its final line has no numbers
to its left — indicating that we have succeeded in proving ‘ [(A& CAY
\ from nothing at all. It’s a theorem (i.e., a sequent with no premises)! J
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K The Introduction Rule for : E@ \

Rule of [=IAtroduction: For any formula p, if p has been inferred at

line j, then, for any formula q, either [pl Cqldr [l Cplmay be
inferred at line k, labeling the line ‘j I &and writing on its left the same

premise and assumption numbers as appear on the left of j.

ai,..., adn (j) p ai,...,an (j) q
: OR :
ai,...,an (k) p Lol jOd ai,...,an (k) p Lol jO

e The [Irule is very simple an intuitive. Basically, it says that you
may infer a disjunction from either of its disjuncts.

= The elimination rule (CE)Jiffor [_adh the other hand, is considerably
K more complex to state and apply. It’s the hardest of our rules. /
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Gjle of [=Elimination: If a disjunction [pl CqI dccurs at line g of a\
proof, p is assumed at line h, r is derived at line i, q is assumed at
line j, and r is derived at line k, then at line m we may infer r,

labeling the line ‘g, h, i, j, k [E7Jand writing on its left every number

on the left at line g, and at line i (except h), and at line k (except j).

ai...,an (9 p Lol

h (I’:l) P Assumption
bi,..., by (;) r

j (]) q Assumption
C1,-.-, Cw (k) r

o (m) r g h i, j, k (E1

there o is the set: {a1,..., an} [f0;,..., by}/h .. .., cw}/j. /
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The Elimination Rule for I:(II@I \

First, the idea behind the [=elimination rule.

The following argument form is valid (easily verified via truth-table):

p gl
p-r
qg-r
rl

This argument form is called the constructive dilemma. In essence, the
[Etule reflects the constructive dilemma form of reasoning and
implements it in our system of natural deduction rules.

The [Etule is trickier than our other rules because it requires us to
make two assumptions. This can make it rather complicated to keep
track of all of our assumptions and premises during an [E_proof.

Now, the o [cial definition of [E1..

/
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An Example Involving tEland DN I

= Here’s a proof of the sequent: A [B] [B 1T Al

Problem is: AVB, ~B+ A

1 (1) AVB Premise
2 (2) ~B Premise
3 (3) ~A Assumption (for ~I)
4 (4) A Assumption (for vE)
3,4 (5 A 3,4 ~E
6 (6) B Assumption (for vE)
2,6 (7) A 2,6 ~E
1,2,3 (8) A 1,4,5,6,7 VE
1,2 9) ~--A 3,8 ~I
1,2 (10) A 9 DN
UCB Philosophy Chapter 4 (Cont’d) 06/09/08
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A Simple Example Involving tiand ﬁ

« Here’s a proof of the sequent: A [CBICBI1[CAl

Problem is: AVvB F BVA

(M)
(2)
(3)
(4)
(5)
(6)

DDA N=—

AvB

BVA

BVvA
BvA

Premise
Assumption (vE)
2 vl
Assumption (vE)
4 Jl

1,2,3,4,5 VE

_/
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Problem is:

(M)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)

~(Av~A)
A

Av~A

A

~A

Av~A

A
~~(Av~A)
Av~A

A Tricky Example Involving thtand Negation.

e Here's a proof of the theorem: AN TA1
F Av“‘A

Assumption (~I)
Assumption (~I)
2 vl

1,3 ~E

2,4 ~I

5 i

1,6 ~E

1,7 ~I

8 DN

~

_/
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